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Intermediate Mathematical Olympiad Cayley paper 2026 Solutions

1. Cayley, Hamilton and Maclaurin each have an amount of money.
If Cayley gave Hamilton £1 then Hamilton would have three times the amount that
Cayley would have.
If instead Hamilton gave Maclaurin £1 then Maclaurin would have twice the amount
that Hamilton would have.
If instead Maclaurin gave Cayley £1 then Cayley would have a quarter of the amount
that Maclaurin would have.
If instead Cayley and Hamilton each gave Maclaurin £1, how many times the total of
Cayley and Hamilton will Maclaurin have?

Solution

Let the amounts of money owned by the three people originally be £𝑐, £ℎ and £𝑚.

From the information in the question, the three equations below follow.

ℎ + 1 = 3(𝑐 − 1)

𝑚 + 1 = 2(ℎ − 1)

𝑐 + 1 =
1
4
(𝑚 − 1)

Rearranging the first equation gives ℎ = 3𝑐 − 4.

Substituting this into the second equation and making 𝑚 the subject of the equations gives the
following equation.

𝑚 = 4𝑐 + 5 = 2ℎ − 3 = 2(3𝑐 − 4) − 3

Solving this gives 𝑐 = 8.

Substituting back in to the other equations gives ℎ = 20 and 𝑚 = 37.

If Cayley and Hamilton each give Maclaurin £1, Cayley and Hamilton will have £7 and £19, so
£26 in total, Maclaurin will have £39, so 1.5 times the total of Cayley and Hamilton.
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2. A 3 × 3 grid has the middle square shaded out. The digits 1 to 8 are
placed in the grid once each to form four three-digit numbers, two
reading left-to-right and two reading top-to-bottom, in such a way that
all the three-digit numbers are multiples of 4. Find how many ways this
can be done.

Solution

Note that three-digit numbers divisible by 4 must have an even units digit.

Note that three-digit numbers divisible by 4 ending in 4 or 8 must have an even tens digit.

Note that three-digit numbers divisible by 4 ending in 2 or 6 must have an odd tens digit.

The bottom-left, bottom-right and top-right must all be even.

If the bottom-right is 4 or 8, the bottom-middle and middle-right must be even, which uses too
many even numbers, so the bottom-right must be 2 or 6. (2 options)

If both the bottom-left and top-right are 4 and 8, the top-middle and middle-left must be
even, which uses too many even numbers, so one of the bottom-left and top-right must be the
remaining one of 2 and 6. (2 options)

The other of the bottom-left and top-right must be one of 4 and 8. (2 options)

The tens digit before it must the remaining one of 4 and 8.

There is no restriction on where the remaining four odd digits can be placed.

There are four remaining gaps to place the 1. (4 options)

There are then three remaining gaps to place the 3. (3 options)

There are then two remaining gaps to place the 5. (2 options)

The 7 goes in the last space.

The total number of options is 2 × 2 × 2 × 4 × 3 × 2 = 192.
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3. 𝐵𝐶𝐷𝐹 is a rhombus with side length 𝑥. 𝐸 lies
on 𝐷𝐹 and 𝐴𝐵𝐶𝐸 is a parallelogram. 𝐴𝐵 has
length 𝑦 and 𝐴𝐹 has length 𝑧. The perimeter of
trapezium 𝐴𝐵𝐶𝐷 is 10% more than the perimeter
of 𝐵𝐶𝐷𝐹. The perimeter of 𝐴𝐵𝐶𝐸 is 10% less
than the perimeter of 𝐵𝐶𝐷𝐹. Prove that 𝐴𝐵𝐶𝐸 is,
in fact, a rectangle. 𝐵

𝐴 𝐹 𝐸 𝐷

𝐶

𝑦

𝑥

𝑧

Solution

The perimeter of 𝐵𝐶𝐷𝐹 is 4𝑥.

The perimeter of 𝐴𝐵𝐶𝐷 is 3𝑥 + 𝑦 + 𝑧.

The perimeter of 𝐴𝐵𝐶𝐸 is 2𝑥 + 2𝑦.

From the information in the question, the two equations below follow.

3𝑥 + 𝑦 + 𝑧 = 1.1 × 4𝑥

2𝑥 + 2𝑦 = 0.9 × 4𝑥

The second equation simplifies to 𝑦 = 0.8𝑥.

Substituting this into the first equation, the first equation simplifies to 𝑧 = 0.6𝑥.

Now, 𝑦2 + 𝑧2 = (0.8𝑥)2 + (0.6𝑥)2 = 0.64𝑥2 + 0.36𝑥2 = 𝑥2.

The side lengths satisfy Pythagoras’ equation, so, by the converse of Pythagoras’ Theorem, the
triangle must be right-angled at 𝐴.

Since parallelogram 𝐴𝐵𝐶𝐸 has a right angle, it must be a rectangle.
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4. 𝐷 is a point on the side 𝐵𝐶 of triangle 𝐴𝐵𝐶 such
that 𝐴𝐵 = 𝐴𝐷 = 𝐶𝐷 = 2𝐵𝐷. 𝐹 and 𝐸 are the
midpoints of 𝐴𝐵 and 𝐴𝐶 respectively such that
𝐹𝐸 is parallel to 𝐵𝐶. Prove that triangle 𝐷𝐸𝐹 is
isosceles.

𝐴

𝐵 𝐶𝐷

𝐸𝐹

Solution

Let ∠𝐴𝐶𝐵 = 𝜃.

∠𝐷𝐴𝐶 = 𝜃 (base angles of an isosceles triangle are equal)

Because 𝐸 is the midpoint of the base of isosceles triangle 𝐴𝐶𝐷, ∠𝐷𝐸𝐶 = 90◦.

∠𝐴𝐸𝐹 = ∠𝐴𝐶𝐵 = 𝜃 (corresponding angles)

∠𝐷𝐸𝐹 = 90◦ − 𝜃 (angles on a line sum to 180◦)

∠𝐴𝐷𝐵 = 2𝜃 (external angle in a triangle is the sum of the other two interior angles)

∠𝐴𝐵𝐷 = 2𝜃 (base angles of an isosceles triangle are equal)

Triangle 𝐵𝐹𝐷 is isosceles because 𝐵𝐹 = 1
2𝐴𝐵 = 𝐵𝐷.

∠𝐵𝐹𝐷 = ∠𝐵𝐷𝐹 = 90◦ − 𝜃 (base angles of an isosceles triangle are equal and angles in a
triangle sum to 180◦)

∠𝐴𝐹𝐸 = ∠𝐴𝐵𝐶 = 2𝜃 (corresponding angles)

∠𝐷𝐹𝐸 = 180 − (90◦ − 𝜃) − 2𝜃 = 90◦ − 𝜃 (angles on a line sum to 180◦)

Because ∠𝐷𝐸𝐹 = ∠𝐷𝐹𝐸 , triangle 𝐷𝐸𝐹 is isosceles.
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5. On an ordinary clock-face the numbers in adjacent positions always differ either by 1 or
11.
Is it possible to re-arrange the numbers 1 to 12 round the clock-face so that the two
numbers in adjacent positions always differ either by 3, 4, or 5?

Solution

Suppose it is possible to place the numbers on the clock-face.

The possible numbers adjacent to 1 are 4, 5 or 6.

The possible numbers adjacent to 2 are 5, 6 or 7.

The possible numbers adjacent to 3 are 6, 7 or 8.

The possible numbers adjacent to 10 are 5, 6 or 7.

The possible numbers adjacent to 11 are 6, 7 or 8.

The possible numbers adjacent to 12 are 7, 8 or 9.

Therefore, none of the set of numbers {1, 2, 3, 10, 11, 12} can be adjacent to any others of those
numbers and there must be at least one other number between each pair of these numbers.

Since there are six numbers in this set and twelve numbers in total, these six numbers in this set
must take up alternating spaces around the clock-face.

Every number in one of the spaces must be adjacent to two of these numbers.

The possible numbers adjacent to 4 are 1, 7, 8 or 9.

However, only one of those is in the set, so 4 cannot be adjacent to two numbers in the set, so
there is no place for 4 to go within the restrictions of the statement.

Therefore, it is impossible to place the numbers in the clock-face so that the two numbers in
adjacent positions always differ either by 3, 4, or 5.

Alternative

(A student’s solution) The neighbours of 2 can be only 5, 6 or 7. The neighbours of 10 can also
be only 5, 6 or 7.

The neighbours of 3 can be only 6, 7 or 8. The neighbours of 11 can also be only 6, 7 or 8.

2, 3, 10 and 11 cannot be next to each other, so there are eight spaces next to them. If two of
them share a neighbour, they will be two apart. If there are three pairs sharing neighbours, the
end ones are six apart so cannot share a neighbour. Therefore the maximum number of shared
neighbours is three. So there are at least five numbers which are neighbours of one of 2, 3, 10
and 11. However, only four different numbers can be neighbours of 2, 3, 10 and 11.

Therefore, it is not possible to fill the neighbours of 2, 3, 10 and 11 and so it is not possible to
find an arrangement satisfying these conditions.
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Alternative

(A student’s solution) The neighbours of 2 can be only 5, 6 or 7. The neighbours of 10 can also
be only 5, 6 or 7. Therefore, there can be only one gap between 2 and 10.

The neighbours of 3 can be only 6, 7 or 8. The neighbours of 11 can also be only 6, 7 or 8.
Therefore, there can be only one gap between 3 and 11.

Since the 6 and 7 must be adjacent to one of 3 and 11, they cannot be between 2 and 10, so that
must be a 5.

On the other side of 2 and 10 must be 6 and 7 in some order. After that must be 3 and 11 in
some order. But after that on both sides must be 8.

Since there needs to be two 8’s to complete the diagram, it is impossible to complete the
diagram under the conditions of the question.
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6. Find all triples of distinct primes (𝑝, 𝑞, 𝑟) satisfying the equation below.

(𝑝 − 5) (𝑞 − 21) (𝑟 − 26) = 𝑝𝑞𝑟

Solution

If 𝑝, 𝑞 and 𝑟 are all odd primes, the RHS is odd, but the LHS is even, so there are no solutions.

Therefore one of the primes must be 2.

If 𝑝 = 2, then 𝑝 − 5 = −3, so 3 divides the LHS, so one of the other primes is 3.

If 𝑞 = 3, 9 divides the LHS but does not divide the RHS, so there is no solution.

If 𝑟 = 3, the equation gives 𝑞 = 23, so one solution is (𝑝, 𝑞, 𝑟) = (2, 23, 3).

If 𝑞 = 2, then 𝑞 − 21 = −19, so 19 divides the LHS, so one of the other primes is 19.

If 𝑝 = 19, 4 divides the LHS but does not divide the RHS, so there is no solution.

If 𝑟 = 19, the equation gives 𝑝 = 7, so one solution is (𝑝, 𝑞, 𝑟) = (7, 2, 19).

If 𝑟 = 2, 4 divides the LHS but does not divide the RHS, so there is no solution.

Therefore, there are two solutions, (𝑝, 𝑞, 𝑟) = (7, 2, 19) and (𝑝, 𝑞, 𝑟) = (2, 23, 3).

Alternative

Since 𝑝 ≠ 4, 6, 𝑞 ≠ 20, 22 and 𝑟 ≠ 25, 27, no number on the LHS is 1 or -1.

The RHS is the product of three primes, so the LHS must also be the product of three primes.

Note that 𝑝 − 5 ≠ ±𝑝 and 𝑞 − 21 ≠ ±𝑞 for integers.

If 𝑟 − 26 = ±𝑟, 𝑟 = 13. Then 𝑝 − 5 = ±𝑞 and 𝑞 − 21 = ±𝑝. This leads to 𝑝 = 13 and 𝑞 = 8 or
𝑝 = −8 and 𝑞 = 13, which are not valid solutions.

Therefore, 𝑝 − 5 = ±𝑞, 𝑞 − 21 = ±𝑟 and 𝑟 − 26 = ±𝑝 or 𝑝 − 5 = ±𝑟, 𝑞 − 21 = ±𝑝 and
𝑟 − 26 = ±𝑞.

If 𝑝 − 5 = ±𝑞 and 𝑝 and 𝑞 are prime, 𝑝 = 2 or 𝑞 = 2. If 𝑟 − 26 = ±𝑝, 𝑝 ≠ 2. Therefore, 𝑞 = 2.
This leads to 𝑟 = 19 and 𝑝 = 7.

If 𝑝 − 5 = ±𝑟 and 𝑝 and 𝑟 are prime, 𝑝 = 2 or 𝑟 = 2. If 𝑟 − 26 = ±𝑞, 𝑟 ≠ 2. Therefore, 𝑝 = 2.
This leads to 𝑟 = 3 and 𝑞 = 23.

Therefore, there are two solutions, (𝑝, 𝑞, 𝑟) = (7, 2, 19) and (𝑝, 𝑞, 𝑟) = (2, 23, 3).
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