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Intermediate Mathematical Olympiad Hamilton paper 2026 Solutions

1. A palindromic sum is a sum of two palindromic numbers. For example, 2024 = 2002+22
and 2025 = 1551 +474.
(a) Find, with proof, the next integer after 2025 which cannot be written as a palindromic
sum.
(b) Find, with proof, the next integer after 2025 which can be written as a palindromic
sum in more than one way.

SoLuTION
(a) 2026 = 1441 + 585 and 2027 = 1331 + 696
Note that the only palindromes within 100 below 2035 are 2002 and 1991.
The sum of two palindromes with fewer than four digits will be less than 2000.

The sum of a four-digit palindrome and a one-digit palindrome cannot be large enough to get
between 2024 and 2035.

The sum of a four-digit palindrome and a two-digit palindrome can only be 2024 (1991 + 33 or
2002 + 22) and 2035 (1991 + 44 or 2002 + 33) and nothing in between.

The sum of two four-digit palindromes can only be 2002 (1001 + 1001) or larger than 2035 (the
next sumis 1001 + 1111).

If 2028 can be written as a palindromic sum, it must be the sum of a four-digit palindrome
(abba) and a thee-digit palindrome (cdc).

If a > 1, the sum is at least 2100, so a = 1.
Comparing units digits, ¢ = 7.

Comparing hundreds digits, 1 < b < 4 or the sum would be less than 2000 or greater than
2100.

If b=2,d =10, butd < 10, so there is no solution.
If b = 3, the sum is larger than 2030, so there is no solution.

Therefore 2028 is the next integer which cannot be written as a palindromic sum.

ALTERNATIVE

abba is divisible by 11. 2028 has remainder 4 when divided by 11. 707 has remainder 1
when divided by 11. Increasing the tens digit by 1 reduces the remainder by 1 but only gets to
remainder 5 at 797. Therefore there is no solution in this case.

(b) 2035 = 1991 + 44 = 2002 + 33, so 2035 can be written as a palindromic sum in more than
one way.

As noted above, numbers between 2024 and 2035 can be written as palindromic sums only as
the sum of a four-digit palindrome (abba) and a thee-digit palindrome (cdc) with a = 1.

For each number between 2024 and 2035, ¢ is uniquely defined by considering the units digits.
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If there exists a solution for a certain value of b, a different solution for » must change the
four-digit palindrome by at least 110. However, changing d can never change the three-digit
palindrome by as much as 110.

Therefore, there can only be at most one solution for each number between 2024 and 2035.

Therefore, the next integer after 2025 which can be written as a palindromic sum in more than
one way is 2035.
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2. Let f(x) denote the fractional part of x>. For example, f(1.1) = 0.21. How many
positive fractions, x, less than 1 satisfy f(20+x) = f(26 — x)?

SoLuTION
If two numbers have the same fractional part, the difference between then is an integer.
Therefore, (20 +x) — f(26 —x) = 0 implies that (20 + x)? — (26 — x)? = k for some integer .
Therefore, 400 + 40x + x> — (676 — 52x + x?) = k.
This leads to 92x = m for some integer m.
So, x = g5 for some integer m.

Since 0 < x < 1,0 < m < 92, so there are 91 possible integer values for m and 91 possible
fractions for x.
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3. Starting at (0, 0), a frog makes 99 jumps of distance V5 between points on the lines
y=-1,y =0and y = 1, increasing its x-coordinate by 1 or 2 each time. How many
possibilities are there for the frog’s final position?

SOLUTION

In moving a distance of V5 with the x-coordinate increasing by 1 or 2, the corresponding
change in the y-coordinate must by 2 or 1 up or down.

Each move changes one coordinate from odd to even or even to odd but leaves the other
coordinate unchanged, either staying even or staying odd.

Therefore, after 99 jumps, one coordinate must be odd and the other even.

The maximum increase of x is 2 for each jump and this can be achieved by returning to y = 0
every other jump.

Therefore, the maximum x-coordinate after 99 jumps is 198 with y-coordinate 1 or —1 depending
on whether the last jump went up or down.

The first move must increase x by 2 and change y by 1 to stay on points on the lines.

After that the minimum increase of x is 1 for each jump and this can be achieved by alternating
between y =1 and y = —1.

Therefore, the minimum x-coordinate after 99 jumps is 100 with y-coordinate 1 or —1 depending
on whether the first jump went up or down.

To finish at (100 + 2n, 1), replace jumps 2 to 2n + 1 with jumps going 2 across instead of
1 across in the sequence of jumps for the minimum x-coordinate (still going down or up as
before).

Therefore, every pointon y = 1 or y = —1 with an even x-coordinate between 100 and 198 can
be reached.

If the frog ends on y = 0, the x-coordinate must be odd.
From above, the minimum x coordinate must be 101 and the maximum must be 197.

The minimum can be achieved by moving to (2, 1), then alternating between y = 1 and y = —1
up to the last jump, then returning to y = 0.

To finish at (101 + 2n, 0), replace jumps 2 to 2n + 1 with jumps going 2 across instead of 1
across in the sequence of jumps for the minimum x-coordinate.

This can be done up to n = 48, so the maximum of 197 can be achieved.

The number of possible final positions is 50 on y = 1 and 50 ony = -1 plus 49 on y = 0,
giving a total of 149.
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4. P is a point inside the convex quadrilateral ABC D A D
satisfying both conditions below. p

L(BPC = /CPD

(DAC = tPCD = /PBC = /BCA

Prove that ABCD is a parallelogram.

SoLuTiON
(DAC = £ACB so AD and BC are parallel (converse of alternate angles).

(DPC = /CPB and /PCD = /PBC so ADPC ~ ACPB (AAA).

BC _ BP
> DC ~ PC*

LACD = tACP + tPCD = tACP + tACB = /PCB.

LACD = /BCP and /DAC = LPBC so ACDA ~ ACPB (AAA).

AD _ BP
> DC — PC-

Therefore

Therefore
Combining the two equations gives % = g—g, so AD = BC.

Because AD and BC are parallel and equal in length, ABCD is a parallelogram.

ALTERNATIVE

The similarity arguments in the first solution can be recast in terms of the sine rule, so
that ratios of lengths become ratios of sines of angles. Two angle observations are needed:
(BCP = £ACD (atriviality) and ZCPB = /CD A which comes to angles in a triangle sum to
180° in APBC and ADAC.

Calculate BC/CP using APBC, then calculate PC/CD in APCD and finally calculate CD /D A
in ACDA. Multiply these ratios to discover that BC/DA = 1.

ALTERNATIVE
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As before,/DAC = /BCA so AD is parallel to BC by converse of alternate angles. Produce
BP to meet AD at Q, which is the reflection of A in the perpendicular bisector of BC, so
LPQA = /BQA = /QAC (by reflection) = ZPCD (given) and so Q PCD is cyclic (by converse
of exterior angle of a cyclic quadrilateral).

Now /DPC = /DQC by angles in the same segment (of ©QPCD), and /.CPB = /CDQ
(exterior angle of a cyclic quadrilateral). We are given that ZCPB = /DPC so these four
angles are equal and each is the supplement of ZCQA (because AQD is a straight line).

Now £/CQA is the reflection of ZDAB in the perpendicular bisector of BC, and so ZCDA
and Z/DAB are supplementary angles. Therefore, AB is parallel to CD by the converse of
co-interior angles, and so ABCD is a parallelogram.

ALTERNATIVE

(A student’s solution: 109196084 ) A complex number solution is possible and can be short.
Do enough geometry to establish the three similar triangles. The spiral similarity carrying BP
to AD has centre C. Embed the diagram in the complex plane with A, B, C, D, P being the
complex numbers a, b, ¢, d, p. Choose the embedding so that p =0 and ¢ = 1. Now bd =1
because PC/PB = PD/PC. Then the spiral similarity involves multiplying by

a-c d-c

b—-c p-c
This equation simplifies to
bd —ap
c=——"
b+d—-p-a

which is equivalent to ¢(b +d — a) = 1. However, ¢ = 1 so d —a = ¢ — b and therefore ABCD
is a parallelogram. This method is in spirit the same as the sine rule method, turning the
similarities into algebra.

REMARK

The second alternative solution provides a method to construct P given a parallelogram ABCD.
Choose Q(# D) on AD so that ABCQ is an isosceles trapezium, then the circle QCD meets
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BQ again at P. The dimensions of the parallelogram must be chosen carefully so that the
specified configuration arises. There are various related ways to give different proofs based on
this construction, for example by proving that CQ = CD. Note that it is not enough to prove
that AB = CD, and more angle work is necessary.

Also note that CA is a median of triangle BCD so CP is the C-symmedian line of this triangle
by isogonal conjugacy. Moreover, ©PBC is tangent to CD at C.
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5. A pair of fractions add up to 2. The numerator of one, x, is the denominator of the other.
If x is increased by 10, the sum is still 2. Find all possible pairs of fractions for which
this is true.

SoLuTION

Writing the information algebraically gives the equations below.

£+£:2
y X
x+ 10 Z

=+ =
y x+10

Multiplying up gives these equations.

x2+yz =2xy

(x +10)> + yz = 2(x + 10)y

Subtracting gives 20x + 100 = 20y, so y = x + 5.

2x(x+5)—x? _ x2410x _ (x+5)2-25 _
x+5 T ox+5 T x+5

Substituting back in gives z =
Because x and z are positive integers, x + 5 must be at least 6 and a factor of 25.
Therefore, the only possibility is x + 5 = 25 and x = 20.

This leads to y = 25 and z = 24.

These do work in the original question. The original fractions are %2 and 24 and the new
fractions are 25 9 and 20 and both pairs do sum to 2.
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6. A padlock has two wheels, each of which has the the digits 0 to 9 equally spaced.
Together, the wheels show a two-digit code. Trying to open it with the wrong code locks
it forever, but there is a probe to check if the code is close without locking the padlock
forever. It is close if either (i) the code is correct or (ii) the correct code can be shown
by rotating one wheel to an adjacent digit. For example, if the wheels show 02, the
probe will show it is close if the correct code is 01, 02, 03, 12 or 92. Find the minimum
number of times to use the probe to guarantee discovering the correct code.

SoLuTION

Each check which is not close can only reduce the number of possible codes by 5, so it will
take at least 19 checks to guarantee reducing the number of possible codes to 5.

This can be done by tessellating a 10 by 10 square grid with pluses which are allowed to go
off one edge and rejoin on the opposite edge. Each check is the number corresponding to the
centre square of a plus.

Checking 19 of these guarantees which of the pluses the code is in.

When there are only 5 possible codes left, it will be take at least three more checks to guarantee
finding the code because each check has only 2 outcomes, so two checks will have only 4
outcomes and a third check may be required.

This can be achieved by checking the numbers corresponding to the top, bottom and left of the
plus. If the code is close to all three, it is the centre number. If it’s close to one but not the
others, that one is the code. If it’s close to none, the code is the number corresponding to the
right of the plus.

Therefore, the minimum number of checks to guarantee finding the code is 22.
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