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many additional problems for further investigation. We welcome comments on these solutions.
Please send them to challenges@ukmt.org.uk.

The Junior Mathematical Challenge (JMC) is a multiple-choice paper. For each question, you are
presented with five options, of which just one is correct. It follows that occasionally you can find
the correct answers by working backwards from the given alternatives, or by showing that four of
them are not correct. This can sometimes be a sensible thing to do in the context of the JMC.

However, this does not provide a full mathematical explanation that would be acceptable if you
were just given the question without any alternative answers. Therefore here we have aimed at
giving full solutions with all steps explained (or, sometimes, left as an exercise). We hope that
these solutions can be used as a model for the type of written solution that is expected when a
complete solution to a mathematical problem is required (for example, in the Junior Mathematical
Olympiad and similar competitions).

These solutions may be used freely within your school or college. You may, without further
permission, post these solutions on a website that is accessible only to staff and students of
the school or college, print out and distribute copies within the school or college, and use
them in the classroom. If you wish to use them in any other way, please consult us.
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Junior Mathematical Challenge 2026 Solutions and investigations

1. Which of the following calculations gives the largest result?

A 2 × 0 + 26 B 2 + 0 + 2 × 6 C 20 + 26 D 20 × 2 − 6
E 20 + 2 × 6

Solution C

It is important to remember the standard convention that when evaluating expressions similar
to those given as options in this question

multiplications are done before additions and subtractions.

For example 20 + 2 × 6 is evaluated as 20 + 12 = 32
Brackets can be used to indicate that these operations should be carried out in a different order.
The standard convention is that priority should be given to evaluating expressions in brackets.
For example (20 + 2) × 6 is evaluated as 22 × 6 = 132.

We have

A 2 × 0 + 26 = 0 + 26 = 26,
B 2 + 0 + 2 × 6 = 2 + 0 + 12 = 14,
C 20 + 26 = 46,
D 20 × 2 − 6 = 40 − 6 = 34,

and
E 20 + 2 × 6 = 20 + 12 = 32.

Therefore it is the calculation in option C that produces the largest value.

For investigation

1.1 (a) Which of the following expressions has the largest value?

A 2026

B 2026

C 202 × 6
D 20×2×6

E 202×6

(b) Which of the expressions in part (a) has the smallest value?

(c) Which expression in part (a) has the median value?

1.2 Evaluate 1 + (2 + 3) × (4 + 5) × (6 + 7 − 8) × 9.
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2. Each figure below consists of four squares of side-length 1 cm.
In which figure is the length of the perimeter different from that of the other four?

A B C

D E

Solution D

The most straightforward way to answer this question is to add up the lengths of each edge of
the shapes. We use this method for the shapes C and D, but we have given a different method
for the shapes A, B and E as this leads to a method which can be used to answer Problem 2.2.

The 4 × 1 rectangle of option C has a perimeter of length (4 + 1 + 4 + 1) cm = 10 cm.

The 2 × 2 square of option D has a perimeter of length (2 + 2 + 2 + 2) cm = 8 cm.

It can be seen from the diagrams below that each of the shapes of options A, B and E has the
same perimeter length as a 3 × 2 rectangle.

This common perimeter length is (3 + 2 + 3 + 2) cm = 10 cm.

Hence the shape in option D is the odd one out.

For investigation

2.1 (a) What is the length of the perimeter of a rectangle which has width 5 cm and height
3 cm?

(b) What is the formula, in terms of w and h, for the perimeter of a rectangle with width
w cm and height h cm?

2.2 (a) A shape is made up of 100 non-overlapping squares each with side-length 1 cm.
What is the shortest possible perimeter that this shape could have?

(b) A shape is made up of 111 non-overlapping squares each with side-length 1 cm.
What is the shortest possible perimeter that this shape could have?

(c) Find a general method for determining the shortest possible perimeter of a shape
made up from n non-overlapping squares with side-length 1 cm.
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3. What is the value of
4 − 3 − 2 − 1
8 − 7 − 6 − 5

?

A 0 B
1
5

C
1
4

D
1
3

E
1
2

Solution B

We have
4 − 3 − 2 − 1
8 − 7 − 6 − 5

=
4 − (3 + 2 + 1)
8 − (7 + 6 + 5)

=
4 − 6
8 − 18

=
−2
−10

=
2
10
=

1
5
.

For investigation

3.1 What is the value of
5 − 4 − 3 − 2 − 1
10 − 9 − 8 − 7 − 6

?

3.2 (a) Find a formula in terms of n for the value of

n − (n − 1) − (n − 2) − · · · − 3 − 2 − 1
2n − (2n − 1) − (2n − 2) − · · · − (n + 3) − (n + 2) − (n + 1)

,

where n is a positive integer greater than 1.

(b) Check that your formula gives the answer
1
5

when n = 4.

4. Barry thinks of a number. Half of the number, plus a third of the number, plus a quarter
of the number is 52. What is the number Barry is thinking of?

A 24 B 30 C 36 D 42 E 48

Solution E

Let x be the number Barry is thinking of. Then

1
2

x +
1
3

x +
1
4

x = 52.

Hence, writing the fractions in terms of a common denominator, we obtain

6
12

x +
4
12

x +
3
12

x = 52, that is,
13
12

x = 52.

It follows that
x =

12
13

× 52 = 12 × 4 = 48.

For investigation

4.1 Barry thinks of a second number. One third of this number, plus a quarter of the number,
plus a thirtieth of the number is 111. What is Barry’s second number?
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5. The Salisbury Cathedral clock is thought to be the world’s oldest working clock, dating
from about 1386. It was restored in 1956. Since its restoration, the clock strikes once on
the hour every hour.
Which of these is the best approximation for the number of times it has struck since its
restoration?

A 25 000 B 200 000 C 300 000 D 600 000 E 1 200 000

Solution D

There have been been 70 years since 1956. We are not told when in 1956 the restoration was
completed and the clock began striking again. However, compared with 70 years a few months
either way does not make a significance difference.

Except for a few leap years there have been 365 days in each of these 70 years and 24 hours in
each day. So the clock has struck approximately 70 × 365 × 24 times since 1956.

We round 365 down to 360 and 24 up to 25. This shows that 365 × 24 is approximately equal to
360 × 25. Now 360 × 25 = 90 × 4 × 25 = 90 × 100 = 9000.

Hence the number of times the clock has struck is approximately 70 × 9000 = 630 000.

Of the given options, it is option D which gives the closest approximation.

For investigation

5.1 If the clock had been striking once an hour, without a break, since 1386, approximately
how many time would it have struck by today?

6. Ada likes adding numbers! On Monday she added all the three-digit numbers each of
whose digits is either 0 or 1. On Tuesday she added all the two-digit numbers each of
whose digits is either 2 or 3. On Wednesday she added her two answers from Monday
and Tuesday. What was the result of Ada’s final addition?

A 310 B 421 C 532 D 643 E 754

Solution C

The hundreds digit of a three-digit number cannot be 0. So the hundreds digit of a three-digit
number made from 0s and 1s must be 1. The other two digits could be 00, 01, 10 or 00.

Hence there are four three-digit numbers in which only the digits 0 and 1 are used. These are
100, 101, 110 and 111, whose total is 422.

Similarly, there are four two-digit numbers in which only the digits 2 and 3 are used. These are
22, 23, 32 and 33, whose total is 22+23+32+33= 110.

Therefore Ada’s final addition is 422 + 110 with the answer 532.

For investigation

6.1 What is the sum of all the three-digit numbers, none of whose digits is 0 or 1?
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7. Sam is asked to write 2026 as the sum of a list of five different primes.
How many possibilities are there for the smallest prime in Sam’s list ?

A one B two C three D four E more than four

Solution A

Since the number 2026 is even, it cannot be the sum of five odd primes.

The only even prime is 2. Therefore Sam’s list must consist of the prime 2 and four odd primes.

These four odd primes will all be larger than 2. Therefore the smallest prime in Sam’s list has to
be 2.

Hence there is just one possibility for the smallest prime in the list.

For investigation

7.1 The above answer assumes that Sam can find at least one list of five different primes with
sum 2026. As any such sum will involve three-digit or four-digit primes, this would not
be easy to find unless you had to hand a list of three-digit and four-digit prime numbers
below 2026, or an easy way to test quickly which numbers are primes. If so, find one way
to write 2026 as the sum of five primes.

7.2 In how many different ways is it possible to write 2026 as the sum of five different primes?
[Do not attempt this question unless you have some electronic help, as the answer is more
than 80 000. However, if you are good at writing programs, you should have a go at
writing a computer program to answer this question.]

7.3 Write 100 as the sum of five different primes.

7.4 Which is the smallest prime which can be written as the sum of five different primes?

The Goldbach Conjecture is that every even number greater than 2 is the sum of two
prime numbers. It is named after the mathematician Christian Goldbach who put
forward the conjecture in a letter to Leonhard Euler in 1742.
Today, nearly three hundred years later, it is not known whether this conjecture is true,
though many partial results are known.
For example, it is known that every even number n in the range 2 < n < 4 × 1018 is
the sum of two primes.
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8. Rectangle PQRS has perimeter 30 cm.
The area of square PUT X is 9 cm2.
What is the perimeter of rectangle TV RW?

A 12 cm B 15 cm C 18 cm D 21 cm
E 24 cm

P X S

U T W

Q V R

Solution C

The square PUT X has area 9 cm2 and therefore
it has side-length 3 cm. Hence PX , QV , PU and
SW all have length 3 cm.

We let x cm be the length of XS and y cm be the
length of UQ. Then TW and V R also have length
x cm, and TV and W R also have length y cm.

The rectangle PQRS has perimeter 30 cm.

Therefore 2((3 + x) + (3 + y)) = 30. Hence
12 + 2(x + y) = 30. It follows that 2(x + y) = 18.

The perimeter of TV RW is 2(x + y) cm, that is, 18 cm.

For investigation

8.1

The diagram above shows a large rectangle that is divided into nine smaller rectangles,
three of which are labelled.

The rectangles labelled X , Y and Z have perimeters 20 cm, 30 cm and 40 cm, respectively.

What is the perimeter of the large rectangle?
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9. Carl counts in a curious way! He starts at l, but then always misses out multiples of three
and multiples of five.
What number would Carl say last when he counts 15 items?

A 22 B 23 C 26 D 28 E 29

Solution D

The most straightforward method is to list the positive integers, crossing out the multiples of
3 and 5 which Carl misses out, and counting the remaining integers, until we have counted up
to 15.
This method would take too long if, for example, Carl had counted 1000 items. So our second
method uses a more general approach.

Method 1

The first method is illustrated below, where the numbers in bold count the numbers that Carl does
not miss out..

We see that Carl would say 28 last when he counts 15 items.

Method 2

Among the integers from 1 to 15, there are 5 multiples of 3 and 3 multiples of 5 that Carl misses
out. This counts the integer 15 twice. So Carl misses out 5 + 3 − 1 = 7 of the first 15 integers.

The same is true for every sequence of 15 consecutive integers, n + 1, n + 2, . . . , n + 15.

Hence Carl would miss out 7 of the integers from 1 to 15, and 7 of the integers from 8 to 30. So
he would miss out 14 of the integers from 1 to 30, leaving 16. He would not miss out 28 and 29,
but would miss out 30. Therefore 28 and 29 are the 15th and 16th integers that he would say.

For investigation

9.1 What number would Carl say last if he counted 80 items?

9.2 What number would Carl say last if he counted 1000 items?

9.3 Find a formula, in terms of n, for the number would Carl say last if he counted 8n items,
where n is a positive integer. Check that your formula gives the same values for n = 80
and 1000 as the answers to Problem 9.1 and Problem 9.2.
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10. The diagram shows kite FGHI, in which IF = FG and
GH = HI, and parallelogram HI JK . Points G,H and
K lie on a straight line.
Angle JKH is 80° and angle FGH is 85°. What is the
size of angle IFG?

A 100° B 110° C 120° D 125°
E 150°

F

G

H

I
J

K80◦

85◦

Solution B

Because FGHI is a kite with IF = FG and GH = HI, the triangles FIH and FGH are
congruent, by the SSS condition. [See Problem 10.3 for more about the SSS condition.]

Therefore ∠FIH = ∠FGH = 85°.

The line IH is parallel to JK . The points G, H and K lie on a straight line. Therefore the
corresponding angles ∠IHG and ∠JKH are equal. Thus ∠IHG = ∠JKH = 80°.

The sum of the angles in a quadrilateral is 360°. Therefore, from the quadrilateral FGHI, we
have

∠IFG + ∠FGH + ∠FIH + ∠IHG = 360°.

Hence

∠IFG = 360° − ∠FGH − ∠FIH − ∠IHG
= 360° − 85° − 85° − 80°
= 110°.

For investigation

10.1 What is the size of the angle FIG in the diagram of this question?

10.2 Suppose that in the diagram of this question ∠JKH = x° and ∠FGH = y°.

(a) Find a formula for ∠IFG in terms of x and y.

(b) Check that in the case where x = 80 and y = 85 your formula shows that
∠IFG = 110°.

10.3 The SSS (or Side-Side-Side) congruence condition means that if the three sides of one
triangle have the same lengths as the three sides of a second triangle, then the two triangles
are congruent.

SSS is not the only condition which ensures that two triangles are congruent.

How many other congruence conditions do you know?

[There are three other standard congruence conditions. If you don’t know all three, find
out what they are from your teacher, the internet, or a book. The Geometry book Crossing
The Bridge by Gerry Leversha, published by UKMT, is recommended. It can be bought
from the UKMT online shop: https://ukmt.org.uk/shop.]
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11. In how many ways can all the digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 be placed in a 3 × 3 grid so
that the sum of the numbers in each row is even and the sum of the numbers in each
column is odd?

A 0 B 1 C 2 D 3
E more than 3

Solution A

We show that it is not possible to place the digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 in a 3 × 3 grid so that
the sum of the numbers in each row is even, and the sum of the numbers in each column is odd.

Indeed, we give a general argument to show that this is not a special property of the nine digits,
but that it would still be true if they were replaced by any nine integers.

Let p, q, r , s, t, u, v, w and x be nine integers which are placed in a 3 × 3 grid
as shown. Then we have

(p+ q + r)+ (s + t + u)+ (v +w + x) = (p+ s + v)+ (q + t +w)+ (r + u + x).

In other words,

the total of the row sums equals the total of the column sums,

because each of these totals is the sum of all the nine integers in the grid.

[Note, that this equality holds whenever integers are placed in a rectangular grid of any size.]

If the row sums were all even, and the column sums were all odd, then the total of the row sums
would be even, but the total of the three odd column sums would be odd. Since these totals are
equal, this is not possible.

In particular, this is true for the nine digits 1, 2, 3, 4, 5, 6, 7, 8 and 9. Hence the number of ways
they can be placed in a 3 × 3 grid so that all the row sums are even and all the column sums are
odd is 0.

For investigation

11.1 Nine integers are placed in a 3 × 3 so that the row total are 23, 31 and 45, and two of the
column totals are 27 and 33. What is the third column total?

11.2 The digits 1, 2, 3, 4, 5, 6, 7, 8 and 9 are placed in a 3 × 3 grid.

(a) What is the largest possible number of the row and column sums that could be odd?

(b) What is the largest possible number of the row and column sums that could be even?

11.3 Is it possible to place the integers from 1 to 16 in a 4 × 4 grid so that all the row sums are
even and all the column sums are odd?

© UKMT April 2026 www.ukmt.org.uk 10
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12. John is given a 5 × 5 array of biscuits as shown. He is told that he
can eat these one by one, provided that each time the remaining
array has at least one line of symmetry. What is the largest number
of biscuits that John can eat?

A 5 B 9 C 13 D 17 E 25

Solution D

The key idea that we use is that if a biscuit is removed from a line of symmetry of an array of
biscuits, the line remains a line of symmetry of the remaining biscuits. However, removing a
biscuit not on a given line of symmetry means that this line is no longer a line of symmetry of
the remaining biscuits.

The initial 5 × 5 array of biscuits has four lines of symmetry, as shown in
the diagram on the right.

There are 8 biscuits, shown dark, that do not lie on any of these lines.
We show that all the other 17 biscuits can be removed one by one so that
each time the array of the remaining biscuits still has at least one line of
symmetry. In fact, this may be done in more than one way.

John can begin by removing, one by one, the five biscuits on the vertical line of symmetry. This
line remains a line of symmetry at each stage. After these five biscuits have been removed, the
resulting array has two lines of symmetry, as shown in figure 1 below.

John can now remove the four biscuits on the horizontal line of symmetry. This leaves the array
as shown in figure 2 which now has four lines of symmetry.

Next, John can remove the four biscuits on the top-left to bottom-right diagonal line of symmetry.
This leaves the array as shown in figure 3 with two diagonal lines of symmetry.

John can now remove the four biscuits on the top-right to bottom-left diagonal line of symmetry.
This leaves the array as shown in figure 4.

This array has four lines of symmetry but none of the remaining biscuits lies on any of these lines.
So none of these biscuits can be removed without leaving an array with no line of symmetry.

figure 1 figure 2 figure 3 figure 4

Therefore the largest number of biscuits that John can remove and eat is 17.

For investigation

12.1 Suppose John is next given a 6 × 6 array of biscuits which he can eat one by one under the
same condition as in the question. What is the largest number of biscuits he could eat?
What would this number be if he were given a 7 × 7 array of biscuits?

© UKMT April 2026 www.ukmt.org.uk 11
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13. The letters p, q and r represent digits. The sum of the two-digit numbers ‘pq’ and ‘pr’
is 75. What is the value of p + q + r?

A 12 B 14 C 15 D 16 E 18

Solution E

‘pq’ is the number 10p + q and ‘pr’ is 10p + r . Hence we have (10p + q) + (10p + r) = 75. That
is, 20p + q + r = 75.

Since q and r are digits, 0 ≤ q+ r ≤ 18. Therefore, 75−18 ≤ 20p ≤ 75. That is, 57 ≤ 20p ≤ 75.

Since p is an integer, it follows that p = 3. Therefore q + r = 75 − 20 × 3 = 15.

We conclude that p + q + r = 3 + 15 = 18.

For investigation

13.1 How many different pairs of two-digit numbers ‘pq’ and ‘pr’ are there with
‘pq’ + ‘pr’ = 75?

14. In the triangle shown, S is a point on the base PQ. The
perimeter of triangle PQR is 80 cm. The perimeter of
triangle RPS is 44 cm. The perimeter of triangle RSQ is
60 cm.
What is the length of RS? 𝑃 𝑄

𝑅

𝑆

A 20 cm B 18 cm C 16 cm D 14 cm E 12 cm

Solution E

Since the perimeter of the triangle PQR is 80 cm, PQ +QR + RP = 80 cm,

that is,
PS + SQ +QR + RP = 80 cm. (1)

Since the perimeter of the triangle RPS is 44 cm,
RP + PS + RS = 44 cm. (2)

Since the perimeter of the triangle RSQ is 60 cm,
RS + SQ +QR = 60 cm. (3)

By (1), (2) and (3), we have

(RP + PS + RS)+ (RS + SQ +QR) − (PS + SQ +QR+ RP) = 44 cm+ 60 cm− 80 cm = 24 cm,

that is, 2RS = 24 cm and hence RS = 12 cm.

For investigation

14.1 (a) Suppose that the perimeters of the triangles PQR, RPS and RSQ are x cm, y cm and
z cm, respectively. Find a formula for the length of RS in terms of x, y and z.

(b) Check that your formula produces the value 12 when x = 80, y = 44 and z = 60.
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15. The diagram shows the net of a cube. When it is folded to create a
cube, each arrow points to an adjacent face. What is the sum of the
two numbers on those faces?

A 3 B 4 C 5 D 6 E 7

1
2
3
5

Solution D

We picture the net folded to make a cube, with the face with the 3 on it at the bottom, the face
with the 5 on it in front, and the face with the 2 behind. The 5 will be upside down.

Then the face with the 1 on it will be on the top, and the faces with the arrows on the left and
right sides.

The diagram alongside shows the folded cube, as seen
from the left and from the right.

We see that the arrow on the left points to the 1, and the
arrow on the right points to the 5.

It follows that the required sum is 1 + 5 = 6.

For investigation

15.1 The diagram on the right shows a different net of a cube.

When the net is folded to create a cube, each arrow points to an
adjacent face.

Which are the numbers on the two faces which the arrows point to?
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16. The numbers 1, 2, 3, 4, 5, and 6 are to be placed in the six circles
shown so that:

(i) there is one number in each circle, and
(ii) the sum of the numbers in each pair of adjacent circles is a

prime number.

The number 1 has already been placed. Which number should go in
the circle marked x?

1 𝑥

A 2 B 3 C 4 D 5 E 6

Solution A

Since all the sums of adjacent numbers will be greater than 2, and 2 is the only even prime, all
these sums will be odd primes. It follows that the odd and even numbers must alternate around
the circle.

The number 6 cannot be next to 3 because 6 + 3 = 9 which is not a prime. Hence 6 must be
between 1 and 5.

We assume that 6 is placed as shown in figure 1 below. In this figure we have marked the other
circles y and z, as shown.

Because the odd and even numbers alternate, 3 goes in the circle marked y, as shown in figure 2.
This leaves 2 and 4 to be placed. 4 cannot be next to 5. So 2 and 4 are placed as shown in figure 3.

We leave it to you to check that this arrangement meets the condition that all the sums of adjacent
numbers are prime.

If, alternatively, 6 is placed in the circle marked z, the numbers must also go 1, 6, 5, 2, 3, 4 round
the circle, but anticlockwise instead of clockwise.

Hence we deduce that 2 goes in the circle marked x.

For investigation

16.1 Check that when the numbers are arranged as in figure 3, the sum of each pair of adjacent
numbers is a prime number.

16.2 Is it possible to arrange the numbers 7, 8, 9, 10, 11 and 12 in a circle so that the sum of
each pair of adjacent numbers is a prime number?
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17. Hanlin writes down three 1s and three 0s, according to the following rule: while writing
down the numbers, he must always have written at least as many 1s as he has written 0s.
How many such numbers can he form from the six digits ?

A 4 B 5 C 6 D 7 E 8

Solution B

The key to this sort of counting problem is to count the different sequences that Hanlin could
write systematically so that every possible sequence is counted, and none is counted twice.

We note first that a sequence of three 1s and three 0s which conforms with the rule given in the
question must begin with 1 and end with 0. [You are asked to prove this in Problem 17.1.]

We list the possible sequences according to the position of the first 0, which can only be the
second, third or fourth position, as the first 0 is followed by two more 0s.

If the first 0 is in the second position, it must be followed by a 1. Hence the sequence has the
form 101**0 where the missing digits are 1 and 0 in either order. Hence Hanlin could write two
different sequences with the first 0 in the second position, 101010 and 101100.

If the first 0 is in the third position, the sequence has the form 110**0 where again the missing
digits are 1 and 0 in either order. Hence Hanlin could write two different sequences with the
first 0 in the third position, 110010 and 110100. Finally, if the first 0 is in the fourth position the
sequence can only be 111000.

Hence there are 5 sequences that Hanlin could write, 101010, 101100, 110010, 110100 and
111000.

For investigation

17.1 Explain why a sequence which conforms with the rule given in this question must begin
with 1 and end with 0.

17.2 How many sequences could Hanlin write made up of two 1s and two 0s so that he has
always written at least as many 1s as he has written 0s?

17.3 How many sequences could Hanlin write made up of four 1s and four 0s so that he has
always written at least as many 1s as he has written 0s?

For each positive integer n we let cn be the number of ways in which Hanlin could write a
sequence made up of n 1s and n 0s so that he has always written at least as many 1s as he has
written 0s.
Then c1 = 1, the answer to Question 17 shows that c3 = 5, and if you have answered Problems
17.1 and 17.2 correctly, you will know the values of c2 and c4.
The numbers c1, c2, c3, . . . are called Catalan numbers after the Belgian mathematician
Eugene Catalan (1814-1894). These numbers turn up as the solution to many, seemingly very
different, combinatorial problems.
A good place to read more about the Catalan numbers, and to find the general formula for cn is
the book Introduction to Combinatorics by Gerry Leversha and Dominic Rowland, published
by UKMT and available from the UKMT online bookshop, https://ukmt.org.uk/shop.
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18. Five children, Amy, Bob, Cat, Dan and Eve each make a statement about the number of
pencils they have in their pencil case.
Amy: "I have more than Bob."
Bob: "I have more than Cat and more than Dan."
Cat: "I have more than Dan."
Dan: "I have more than Eve and more than Amy."
Eve: "I have more than Amy."
What is the largest number of these statements that can be true?

A 1 B 2 C 3 D 4 E 5

Solution D

We note first that if Amy and Bob are telling the truth, then Amy has more pencils than Dan.
Hence Dan is not telling the truth.

It follows that all five of the statement cannot be true.

However, if the children are arranged in the order Dan < Cat < Bob < Amy < Eve, according to
the number of pencils they have, then all the statements, except that made by Dan, are true.

Therefore the largest number of the statements that can be true is four.

For investigation

18.1 If Dan is telling the truth, what is the largest number of the statements that can be true?

18.2 Is it possible for all five of the statements to be false?

19. In the triangle QPR, ∠QPR = 100°,QP = QS and RP =
RT .

What is the size of ∠TPS?

A 30° B 35° C 40° D 45°
E it depends on the size of ∠RQP.

P

Q T S R

Solution C

Let ∠TPS = x°, ∠QPT = q° and ∠RPS = r°. Then
q + x + r = 100.

Since QP = QS, ∠QSP = ∠QPS = (q + x)°. Since
RP = RT , ∠RTP = ∠RPT = (x + r)°.

Then, since the angles in the triangle PTS have sum 180°,
x + (q + x) + (x + r) = 180.

It follows that 2x = 180 − (q + x + r) = 180 − 100 = 80. Hence x = 40. Therefore ∠TPS = 40°.

For investigation

19.1 Suppose that, in addition, PS = PT . Find the values of ∠QPT and ∠RPS in this case.
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20. In Kush’s Cake shop, there are chocolate cakes, cherry cakes, cream cakes and coffee
cakes. For every seven chocolate cakes, there are six cherry cakes. For every five cherry
cakes, there are four cream cakes. For every three cream cakes, there are two coffee
cakes. Which of these could be the total number of cakes in Kush’s shop?

A 60 B 150 C 240 D 330 E 420

Solution E

Let the numbers of chocolate cakes, cherry cakes, cream cakes and coffee cakes be w, x, y and z,
respectively.

From the information given in the question, we have x =
6
7
w, y =

4
5

x and z =
2
3
y.

Therefore
y =

4
5

x =
4
5

(
6
7
w

)
=

(
4
5
×

6
7

)
w =

24
35

w

and
z =

2
3
y =

2
3

(
24
35

x
)
=

(
2
3
×

24
35

)
w =

48
105

w =
16
35

w.

Since w, x, y and z are all integers, it follows that w must be a multiple of 35. Say, w = 35k,
where k is some positive integer.

It follows that x =
6
7
(35k) = 30k, y =

24
35

(35k) = 24k and z =
16
35

(35k) = 16k.

Therefore w + x + y + z = 35k + 30k + 24k + 16k = 105k.

Hence the total number of cakes is a multiple of 105. Of the given option, only 420 is a multiple
of 105. So only option E gives the possible total number of cakes.

For investigation

20.1 Suppose that there were also carrot cakes in Kush’s Cake shop, with nine carrot cakes for
every eight chocolate cakes.

What would then be the possibilities for the total number of cakes in Kush’s shop?
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21. What is the smallest number of rectangles, each measuring 5 cm by 30 cm, which can be
fitted together without gaps or overlapping to form a rectangle whose side-lengths are in
the ratio 4 : 5?

A 15 B 30 C 45 D 60 E 75

Solution B

When the 5 cm×30 cm rectangles are fitted together to form a larger rectangle, the larger rectangle
must have side lengths which, in cm, are integers. Since this larger rectangle has side-lengths
which are in the ratio 4 : 5, it has side-lengths 4k cm and 5k cm, where k is some positive integer.

Each of the 5 cm × 30 cm rectangles has area 150 cm2. The larger 5k cm × 4k cm rectangle has
area 20k2 cm2. Hence the number of the 5 cm × 30 cm rectangles which make up the larger

rectangle is
20k2

150
=

2k2

15
.

Since
2k2

15
is the number of rectangles forming the larger rectangle, it is an integer. Therefore

2k2 is divisible by 15. Hence k is divisible by 15. It follows that the smallest possible value of k

is 15. This gives the smallest possible value of
2k2

15
which is

2 × 15 × 15
15

= 30.

To complete the solution we need to show that it is possible to fit 30 rectangles measuring
5 cm × 30 cm together to make a rectangle whose side-lengths are in the ratio 4 : 5.

The diagram on the right shows 30 of the 5 cm × 30 cm
rectangles forming a 15 × 2 array.

This array measures 60 cm × 75 cm, and hence its side-
lengths are in the ratio 4 : 5.

[In this diagram the small squares represent 5 cm × 5 cm
squares.]

Hence 30 is the smallest number of the rectangles needed to meet the requirements of this
question.

For investigation

21.1 What is the smallest number of rectangles each measuring 5 cm by 30 cm which can be
fitted together without gaps or overlapping to form a square?

21.2 What is the smallest number of rectangles each measuring 5 cm by 30 cm which can be
fitted together without gaps or overlapping to form a rectangle whose side-lengths are in
the ratio 8 : 9?
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22. In Poppy’s pond there are frogs and snakes. Four-fifths of the frogs are green frogs and
six-sevenths of the snakes are black snakes. Which of the following could not be the
total number of creatures in Poppy’s pond?

A 22 B 23 C 24 D 26 E 27

Solution B

From the fact that four-fifths of the frogs are green frogs we can deduce that the number of frogs
is a multiple of 5. Hence there are 5 f frogs in the pond, where f is some positive integer.

Similarly, as six-sevenths of the snakes are black snakes, the number of snakes in the pond is 7s,
where s is some positive integer.

Therefore there are 5 f + 7s creatures in the pond, where f and s are positive integers.

To complete the answer we need to decide which of the numbers given as options is not equal to
5 f + 7s for some positive integers f and s.

We have
22 = 3 × 5 + 1 × 7, 24 = 2 × 5 + 2 × 7, 26 = 1 × 5 + 3 × 7

and 27 = 4 × 5 + 1 × 7.

This eliminates four of the given numbers. In the context of the JMC we can conclude that the
remaining option, 23, is the correct answer.

[For a complete answer it is necessary to check that 23 is not possible. This is left as an exercise.]

For investigation

22.1 Check that there do not exist positive integers f and s for which 5 f + 7s = 23.

22.2 Which positive integers can be expressed in the form 5 f + 7s, where f and s are positive
integers?

22.3 Which integers can be expressed in the form 5 f + 7s, where f and s are integers, positive,
negative or zero?
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23. Five different numbers are written in ascending order.
The mean of the first four numbers is 5. The mean of the last four numbers is 7.
What is the range of the numbers?

A 2 B 4 C 6 D 7 E 8

Solution E

Let the five numbers be p, q, r , s and t, with p < q < r < s < t.

Since the mean of the first four numbers is 5,
p + q + r + s

4
= 5. Therefore

p + q + r + s = 20. (1).

Since the mean of the last four numbers is 7,
q + r + s + t

4
= 7. Therefore

q + r + s + t = 28. (2).

By (1) and (2)
t − p = (q + r + s + t) − (p + q + r + s) = 28 − 20 = 8.

Hence the range of the five numbers is 8.

For investigation

23.1 Seven different numbers are written in ascending order.

The mean of the first six of these numbers is 3. The mean of the last six of these numbers
is 5.

What is the range of the numbers?

23.2 Five different integers are written in ascending order.

The mean of the first three of these numbers is 4. The mean of the last three of these
numbers is 7.

What is the largest possible range of these numbers?
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24. The diagram shows nine squares arranged so that they form two
lines, each consisting of five squares.

The squares are to be filled with the positive integers from 1 to
9 inclusive so that the totals of the five numbers in each line are
equal. Three of the numbers have already been placed. What is the
sum of the different values which the central number N can take?

6

𝑁
8

3

A 17 B 21 C 22 D 25 E 28

Solution A

We suppose that the vacant squares have been filled by the numbers K ,
L, M, P, Q, as shown in the diagram on the right, so that they satisfy
the conditions of the question.

Since the squares are filled with the nine integers from 1 to 9 inclusive,
and 3, 6 and 8 have been placed as shown. it follows that

K + L + M + N + P +Q = 1 + 2 + 4 + 5 + 7 + 9 = 28. (1)

Since the totals of the numbers in each line are equal L + M + N + P +Q = 6 + K + N + 8 + 3.
Hence

L + M + P +Q = K + 17. (2)

By (1) and (2), K + N + (K + 17) = 28. Therefore

2K + N = 11. (3).

The solution of (3) with K and N being positive integers are

K = 1, N = 9; K = 2, N = 7; K = 3, N = 5; K = 4, N = 3 and K = 5, N = 1.

However, neither K nor N can be 3, since 3 has already been placed in one of the squares. Hence
the only possibilities are

K = 1, N = 9; K = 2, N = 7 and K = 5, N = 1

It is left to the reader to check that in each of these cases it is possible to choose the values of L,
M , P and Q so as to satisfy the conditions of the question.

It follows that the values that N can take are 9, 7 and 1. Their sum is 9 + 7 + 1 = 17.

For investigation

24.1 Check that in each of the cases N = 1, N = 7 and N = 9, it is possible to meet the
conditions of the question.
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25. Four runners entered a race. We are told that at most two tied at the finish line (and were
therefore given the same finishing position). How many possible finishing orders were
there for the race?

A 30 B 60 C 75 D 81 E 96

Solution B

We let P, Q, R and S be the four runners.

With at most two of these runners being tied, there are two cases we need to consider.

First, there is the case where there is no tie. The number of different finishing orders in this case
is the number of ways of putting the four runners in the order 1st, 2nd, 3rd, 4th.

There are four possible runners who could come in first place. Whichever runner comes first
there remain three runners who could come second. Hence there are 4 × 3 ways the first two
places could be filled.

Similarly, in each of these 4 × 3 cases there remain two runners who could come third, and then
only one runner who could come fourth. Hence there are 4 × 3 × 2 × 1 = 24 ways in which the
four places could be filled.

Note that 4! (pronounced "4 factorial") is a convenient notation for the product 4 × 3 × 2 × 1.
In general, the notation n! (n factorial), where n is a positive integer, is used for the product
n × (n − 1) × · · · × 2 × 1 of all the positive integers from n downwards.

Second, there is the case where there is just one tie between two of the runners. In this case we
need first to work out the number of possibilities there are for these two runners.

There are four choices for the first of the two runners who tie, leaving three choices for the second
runner. This would seem to imply that altogether there are 4 × 3 = 12 choices for these two
runners. However, it is important to understand that this involves double counting because the
order in which the pair of runners are chosen does not matter. For example, the case where P ties
with Q is the same as the case where Q ties with P. Hence there are 1

2 (4 × 3) = 6 possibilities for
the pair of runners who tie.

We now need to count the number of ways that the pair that tie and the other two runners can
be ordered. We may regard the pair that tie as a single competitor. This means there are three
competitors to be placed in order. This can be done in 3 × 2 × 1 = 6 ways.

Hence there are 6 × 6 = 36 possible finishing orders when two of the runners tie.

Therefore, in total, there are 24 + 36 = 60 possible finishing orders.

For investigation

25.1 How many possible finishing orders would there be if there were 5 runners in the race and
at most two of them are tied at the finish?

25.2 Find a formula in terms of n for the number of possible finishing orders when there are n
runners in the race and at most two of them tie.
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