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Intermediate Mathematical Olympiad Maclaurin paper 2026 Solutions

1. From the set {1, 2, 3, . . . , 𝑛} six different integers 𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹 are to be chosen, so
that the following equation is true for all values of 𝑥.

𝐴(𝑥 + 𝐵(𝑥 + 𝐶)) = 𝐷 (𝑥 + 𝐸 (𝑥 + 𝐹))

(a) Show that for 𝑛 = 9 this is possible.
(b) Prove that this is not possible for 𝑛 = 8.

Solution

(a) Let (𝐴, 𝐵, 𝐶, 𝐷, 𝐸, 𝐹) = (6, 2, 3, 9, 1, 4).

Then 𝐴(𝑥+𝐵(𝑥+𝐶)) = 6(𝑥+2(𝑥+3)) = 18𝑥+36 and 𝐷 (𝑥+𝐸 (𝑥+𝐹)) = 9(𝑥+1(𝑥+4)) = 18𝑥+36.

Therefore, this is possible when 𝑛 = 9.

(b) When 𝑥 = 0, 𝐴𝐵𝐶 = 𝐷𝐸𝐹.

By considering prime factors, none of the values can be 5 or 7 because one side would have
that factor but not the other side.

Therefore, all the remaining numbers must be used.

The power of 2 in the product of 𝐴𝐵𝐶𝐷𝐸𝐹 is 7, which is odd.

Therefore, the powers of 2 in the products 𝐴𝐵𝐶 and 𝐷𝐸𝐹 cannot be equal.

Therefore, it is not possible to find a solution in the case 𝑛 = 8.
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2. A square 𝐴𝐵𝐶𝐷 has each side of length 1. 𝑋 lies on
𝐴𝐵 and 𝑌 lies on 𝐴𝐷 with 𝐴𝑋 = 𝑥, 𝐴𝑌 = 𝑦 and 𝑥 < 𝑦.
Triangle 𝐴𝑋𝑌 is removed to leave a pentagon 𝐵𝐶𝐷𝑌𝑋 . The
perimeter of 𝐵𝐶𝐷𝑌𝑋 is 29

30 of the perimeter of 𝐴𝐵𝐶𝐷. The
area of 𝐵𝐶𝐷𝑌𝑋 is also 29

30 of the area of 𝐴𝐵𝐶𝐷. Find the
length of 𝐴𝑋 .

𝐴 𝐵

𝐶𝐷

𝑋

𝑌
𝑦

𝑥

Solution

Using the perimeter condition gives the following equation.

4 − 𝑥 − 𝑦 +
√︃
𝑥2 + 𝑦2 =

29
30

× 4

The area condition gives the following equation.

1 − 1
2
𝑥𝑦 =

29
30

This simplifies to 𝑥𝑦 = 1
15 .

The first equation rearranges to this.√︃
𝑥2 + 𝑦2 = 𝑥 + 𝑦 − 2

15

Squaring leads to the equation below. It might create extra solutions, so this needs to be checked
at the end.

𝑥2 + 𝑦2 =
4

225
+ 𝑥2 + 𝑦2 − 4

15
𝑥 − 4

15
𝑦 + 2𝑥𝑦

Using the fact that 𝑥𝑦 = 1
15 , this simplifies to 𝑥 + 𝑦 = 17

30 .

Substituting this in above gives the following equation.

𝑥

(
17
30

− 𝑥

)
=

1
15

This rearranges to 30𝑥2 − 17𝑥 + 2 = 0, which factorise to (5𝑥 − 2) (6𝑥 − 1) = 0.

This gives 𝑥 = 1
6 and 𝑦 = 2

5 or 𝑥 = 2
5 and 𝑦 = 1

6 .

These both work in the original problem, but 𝑥 < 𝑦 so 𝑥 = 1
6 and 𝑦 = 2

5 .
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3. A number, 𝑔, is good if 𝑔 = 2𝑎 + 2𝑏 for two different non-negative integers 𝑎 and 𝑏. A
number, 𝐺, is great if it is both good and the product of two different good numbers.
How many numbers less than one million are great?

Solution

Let the two different good numbers be 2𝑎 + 2𝑏 with 𝑎 < 𝑏 and 2𝑐 + 2𝑑 with 𝑐 < 𝑑 and let
𝐺 = 2𝑒 + 2 𝑓 with 𝑒 < 𝑓 .

Then 𝐺 = (2𝑎 + 2𝑏) (2𝑐 + 2𝑑) = 2𝑎+𝑐 + 2𝑎+𝑑 + 2𝑏+𝑐 + 2𝑏+𝑑 .

Dividing through by 2𝑎+𝑐 makes this expression odd.

Therefore, 2𝑒
2𝑎+𝑐 = 1, so 𝑒 = 𝑎 + 𝑐.

This leaves 2 𝑓 = 2𝑎+𝑑 + 2𝑏+𝑐 + 2𝑏+𝑑 .

Suppose 𝑎 + 𝑑 < 𝑏 + 𝑐. Dividing through by 2𝑎+𝑑 makes the RHS odd and larger than 1. The
LHS is a power of 2, so this is impossible.

Similarly, if 𝑏 + 𝑐 < 𝑎 + 𝑑 this is impossible. Therefore, 𝑎 + 𝑑 = 𝑏 + 𝑐.

This leaves 2 𝑓 = 2𝑎+𝑑 + 2𝑎+𝑑 + 2𝑏+𝑑 = 2𝑎+𝑑+1 + 2𝑏+𝑑 .

Suppose 𝑎 + 𝑑 + 1 < 𝑏 + 𝑑. Dividing through by 2𝑎+𝑑+1 makes the RHS odd and larger than 1.
The LHS is a power of 2, so this is impossible.

Since 𝑎 < 𝑏, it must be that 𝑎 + 1 = 𝑏. Similarly, 𝑐 + 1 = 𝑑 and 𝑓 = 𝑏 + 𝑑 + 1 = 𝑎 + 𝑐 + 3 = 𝑒 + 3.

The original conditions work for any pairs of values 𝑎 and 𝑐.

For a great number less than one million, 𝑓 = 𝑎 + 𝑐 + 3 < 20. Since 𝑎 and 𝑐 must be different,
𝑎 + 𝑐 ≥ 1. Therefore 𝑓 can take 16 values.

All of these are indeed great numbers by letting 𝑎 = 0, 𝑏 = 1, 𝑐 an integer from 1 to 16 inclusive
and 𝑑 = 𝑐 + 1.

Therefore there are 16 great numbers less than one million.
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4. Dennis has a 5 × 5 grid of unit squares, initially white, and an infinite quantity of red
and black paint. As often as he likes, Dennis can pick any row or column and paint it
red or black. How many different paintings can Dennis construct that contain 3 red
squares and 22 black?

Solution

Consider two red squares which are in different rows and columns from each other. Consider
the four squares in the overlap between these two rows and columns. Suppose these other
squares are both black.

Ignoring painting different rows and columns which do not affect these four squares, whichever
of these four rows/columns was painted last must have the same colour in both places.

Therefore, this situation is not possible.

That means the three red squares must all be in the same row or column or form an L with two
in the same row and the third in the same column as one of the first two. These are achievable
by painting everything black, then the rows and columns containing more than one red cell red,
then painting all other rows and columns containing no red cells black.

For the red squares to be in the same row or column, there are 10 choices of row or column and
10 ways to choose three from within the row or column, which gives 100 ways.

For the red squares to form an L, there are 5 choices of row and 5 of column for the corner of
the L, 4 choices for the other square in the row and 4 for the other in the column, giving 400
ways.

In total there are 500 different paintings Dennis can construct.
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5. Let 𝐴𝐵𝐶𝐷 be an isosceles trapezium with 𝐴𝐷 par-
allel to 𝐵𝐶 and ∠𝐵𝐴𝐷 = ∠𝐶𝐷𝐴. 𝐸 lies on 𝐴𝐷 in
such a way that the ratio below is satisfied.

𝐴𝐸 : 𝐸𝐵 : 𝐴𝐵 : 𝐸𝐷 : 𝐵𝐶 = 1 : 3 : 𝑘 : 7 : 9

Find the value of 𝑘 .

𝐴 𝐸

𝐵 𝐶

𝐷

Solution

∠𝐴𝐸𝐵 = ∠𝐸𝐵𝐶 (alternate angles)

∠𝐴𝐸𝐵 = ∠𝐸𝐵𝐶 and 𝐴𝐸
𝐸𝐵

= 𝐸𝐵
𝐵𝐶

so △𝐴𝐸𝐵 ∼ △𝐸𝐵𝐶 (SAS).

Therefore, 𝐸𝐶 = 𝐴𝐵 × 𝐸𝐵
𝐴𝐸

= 3𝑘 .

Also, ∠𝐶𝐸𝐵 = ∠𝐵𝐴𝐸 , so ∠𝐷𝐸𝐶 = ∠𝐴𝐵𝐸 since both pairs sum with ∠𝐴𝐸𝐵 to make 180◦.

∠𝐴𝐵𝐸 = ∠𝐷𝐸𝐶 and ∠𝐵𝐴𝐸 = ∠𝐸𝐷𝐶 so △𝐵𝐴𝐸 ∼ △𝐸𝐷𝐶 (AAA).

Therefore, 𝐷𝐸 = 𝐴𝐵 × 𝐸𝐶
𝐵𝐸

= 𝑘2.

Since 𝐷𝐸
𝐴𝐵

= 7, 𝑘 =
√

7.

Alternative

Extend 𝐵𝐴 and 𝐶𝐷 to form the isosceles triangle with apex 𝑋 . Extend 𝐵𝐸 to meet 𝐶𝑋 at 𝑌 .
Suppose AE has length 1.

∠𝑋𝐵𝐶 = ∠𝑋𝐴𝐷 and ∠𝑋𝐶𝐵 = ∠𝑋𝐷𝐴 so △𝐵𝑋𝐶 ∼ △𝐴𝑋𝐷 (AAA).

Therefore, 𝑋𝐵
𝑋𝐴

= 𝐵𝐶
𝐴𝐷

, so 𝑋𝐵 = 9𝑘 .

∠𝑌𝐵𝐶 = ∠𝑌𝐸𝐷 and ∠𝑌𝐶𝐵 = ∠𝑌𝐷𝐸 so △𝐵𝑌𝐶 ∼ △𝐸𝑌𝐷 (AAA).

Therefore, 𝑌𝐵
𝑌𝐸

= 𝐵𝐶
𝐸𝐷

, so 𝑌𝐸 = 21
2 .

Also, 𝑌𝐶
𝑌𝐷

= 𝐵𝐶
𝐸𝐷

, so 𝑌𝐶 = 7𝑘
2 .

Therefore, 𝑋𝑌 = 9𝑘
2 .

Using cosine rule on △𝐴𝐵𝐸 and △𝑋𝐵𝑌 gives this equation.

cos ∠𝐴𝐵𝐸 = 𝑘2+32−12

2×𝑘×3 =
(9𝑘)2+( 27

2 )2−( 9𝑘
2 )2

2×(9𝑘)×( 27
2 )

Solving this gives 𝑘2 = 7 and 𝑘 =
√

7.

Alternative

Extend 𝐴𝐷. Construct perpendiculars to 𝐵𝐶 at 𝐵 and 𝐶 to meet 𝐴𝐷 extended at 𝑀 and 𝑁 .

By the symmetry of the isosceles trapezium, 𝐴𝑀 : 𝐴𝐸 = 1
2 : 1.

By Pythagoras on 𝐵𝑀𝐴 and 𝐵𝑀𝐸 , 𝑘2 − ( 1
2)

2 = 32 − ( 3
2)

2.
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Solving this gives 𝑘2 = 7 and 𝑘 =
√

7

Alternative

Construct a perpendicular to 𝐴𝐷 at 𝐴 and 𝐸 to meet 𝐵𝐶 extended at 𝑋 and 𝑌 .

By the symmetry of the isosceles trapezium, 𝐵𝑋 : 𝑋𝑌 = 1
2 : 1.

By Pythagoras on 𝐵𝑌𝐸 , ( 𝐸𝑌
𝐴𝐸

)2 + ( 3
2)

2 = 32. This gives 𝐸𝑌 = 3
√

3
2 𝐴𝐸 = 𝐴𝑋 .

By Pythagoras on 𝐵𝑋𝐴, ( 1
2)

2 + ( 3
√

3
2 )2 = ( 𝐵𝐴

𝐴𝐸
)2. This gives 𝐵𝐴

𝐴𝐸
= 𝑘 =

√
7
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6. One hundred points are arranged into a regular array of ten equally-spaced rows and
columns. How many ways are there to choose ten of the points, one from each row and
column, so that seven of the chosen points lie strictly inside (not on the perimeter of)
the triangle formed by the other three?

Solution

Any point on the edge of the square must be a corner of the triangle because it cannot be inside
the triangle.

Therefore, there must be at most three points on the edge of the square. So, at least two of the
points on the edges must be the same and so there must be a point at a corner.

If there are two points at corners, they must be at opposite corners. But then the point in the
second row is on one side of the diagonal between the corners and the point on the second
column is on the other side of the diagonal. These four points form a convex quadrilateral, so
no point can be in the triangle formed using the corners and the other point.

Therefore, only one point is at a corner. Suppose this is the top-left corner.

Of the other two points, consider the one nearer (or equally near) the bottom-right corner.
Suppose it is on the bottom row. The only point on the second-bottom row inside the triangle is
directly above the point on the bottom row, but this is on the same column as a point already
chosen. This is because the lines are at angles at least 45◦ so only the adjacent point is inside
the triangle.

Therefore, it is impossible for the one on the second-bottom row to be inside the triangle, so it
must be a corner of the triangle and therefore on the rightmost column. This means the one on
the bottom row must also be 1 unit from the bottom-right corner.

Working from the top-left, row by row, the only option for completing the remaining points is
for them all to be on the diagonal between from the top-left going towards the bottom-right.
This configuration does satisfy the question.

There are four rotations of this permissible, so there are four ways to choose ten points so that
seven lie inside the triangle formed by the other three.
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