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1. In the following sum, the letters 𝑌 , 𝑈, 𝑀 and 𝑆 stand for single
digits.
(a) Find one possibility for the values of 𝑌 , 𝑈, 𝑀 and 𝑆. Only the

answer is required.
(b) Prove that this is the only possible solution. A full explanation

is required.

𝑌 𝑈 𝑀 𝑆
+ 𝑌 𝑈 𝑀

2 0 2 6

Solution

In the following, the notation 𝐴𝐵𝐶 means the number whose digits are 𝐴, 𝐵, 𝐶 in order, so
𝐴𝐵𝐶 = 100𝐴 + 10𝐵 + 𝐶.

Notice that 𝑌𝑈𝑀 + 𝑌𝑈𝑀𝑆 = 11(𝑌𝑈𝑀) + 𝑆. 2026 ÷ 11 = 184 with remainder 2. This gives
us one clear solution: 𝑌𝑈𝑀 = 184 and 𝑆 = 2. There can’t be any other solutions because if the
value of 𝑌𝑈𝑀 changed even by 1, we would need to change the value of 𝑆 by 11 to keep the
equation valid, and 2 can neither increase nor decrease by 11 and remain a single digit.

2. Prove that every number that can be written as the product of three consecutive
positive integers can also be written as the sum of three consecutive positive integers.

Solution

Let the three numbers in the product be 𝑚, 𝑚 + 1, and 𝑚 + 2. Consider the remainder when 𝑚

is divided by 3. If the remainder is 0, then 𝑚 is a multiple of 3. If the remainder is 1, then
𝑚 + 2 is a multiple of 3. If the remainder is 2, then 𝑚 + 1 is a multiple of 3. So in any case, the
product 𝑚(𝑚 + 1) (𝑚 + 2) is a multiple of 3. The product must also be at least 6, as the smallest
such product is for 𝑚 = 1 which gives the product 6.

Let 𝑛 =
𝑚(𝑚+1) (𝑚+2)

3 . 𝑛 is an integer because the product is a multiple of 3, and 𝑛 ≥ 2 as the
product is at least 6. This means that 𝑚(𝑚 + 1) (𝑚 + 2) = (𝑛 − 1) + 𝑛 + (𝑛 + 1), as required,
with 𝑛 − 1 > 0.
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3. Blackbeard and Brownbeard each have a pile of gold coins. One night, Blackbeard
takes 3 gold coins from Brownbeard’s pile and adds them to his pile, and Brownbeard
responds by taking half of the coins in Blackbeard’s pile and adding them to his pile.
The next night, Brownbeard takes 3 coins from Blackbeard’s pile and adds them to
his pile, and Blackbeard responds by taking half of the coins in Brownbeard’s pile
and adding them to his pile. Both pirates now have the same number of gold coins
as they had at the beginning.
Prove that the total number of gold coins is divisible by 3.

Solution

Suppose that Blackbeard starts with 𝐿 coins and Brownbeard starts with 𝑅 coins. We are using
the second letter of their names for the number of their coins at the outset, and the initial data is
written as a pair (𝐿, 𝑅) but the distribution of coins changes over time. Consider the sequence
of coin values after the successive operations:

(𝐿 + 3, 𝑅 − 3)(
𝐿 + 3

2
,
𝐿 + 2𝑅 − 3

2

)
(
𝐿 − 3

2
,
𝐿 + 2𝑅 + 3

2

)
(
𝐿 − 3

2
+ 𝐿 + 2𝑅 + 3

4
,
𝐿 + 2𝑅 + 3

4

)
Since both pirates end up with the same amount that they started with, we can use Brownbeard’s
quantity to deduce that 𝐿 + 2𝑅 + 3 = 4𝑅, or equivalently 𝐿 + 𝑅 = 3𝑅 − 3 = 3(𝑅 − 1) which is a
multiple of 3, so the total number of coins, 𝐿 + 𝑅, must be a multiple of 3.
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4. Suppose the vertices of a cube are labelled from 1 to 8. How many ways are there to
choose three of these labels so that the corresponding three vertices are not all on
the same face? As this is an Olympiad problem, it is not enough simply to provide a
correct numerical answer.

Solution

If not for the ‘not all on the same face’ restriction, there would be 8 ways to choose the first
vertex, 7 ways to choose the second, and 6 ways to choose the third. Each selection has been
counted 6 times, as the same 3 vertices can be selected in 6 different orders, so we must divide
by 6, giving 56 ways to choose the vertices.

Now we need to subtract the number of ways of choosing 3 vertices, all on the same face. There
are 4 ways to choose 3 vertices all on a given face, as we can exclude any one of the 4 vertices
on that face. Note that it is not possible for all 3 to be simultaneously all on one face, and also
all on a different face. So the total number of ways of choosing 3 vertices, all on the same face,
is 24.

The final answer is therefore 56 − 24 = 32.

Note that it is acceptable to cite binomial coefficients, and derive the value 56 as
(8
3
)

without
giving the explanation from the first paragraph above.

Alternative

Here is another method of solution. Instead of counting the possible configurations, we classify
them. The counting method is simpler, but this alternative approach is instructive.

First we consider the possibility that two of the three chosen points are antipodal, that is to
say, they are at opposite corners of the cube. One of these two points is on 3 of the cube’s 6
faces, and the other one is on the other 3 faces. You can therefore place the selected third point
at any of the remaining 6 corners, and the three selected points will not be on the same face.
Let us count configurations like this; there are 4 pairs of opposite corners, so the number of
configurations of this shape is 4 × 6 = 24.

Next we look for other possible configurations. They must have the two properties that (a)
there are not three points on a face and (b) there are no pairs of antipodal points. First look
for such a configuration where there are two selected points at the end of an edge. The two
points antipodal to these cannot not be selected by (b), so the third point must be at one of the
remaining four corners, but that will give rise to three points around a face. Therefore, in any
configuration where (a) and (b) are satisfied, there not two selected points at the ends of an
edge.

Consider the diagram below. The configurations we seek must consist of the three points at
black corners or three points at white corners. There are not three black corners or three whie
corners around a face, so our three selected points can be either at any three black corners or
any three white corners. There are four black corners, and to select three we can just reject one,
so there are 4 ways of doing that. Equally well, there are 4 ways to select 3 white corners.

The final answer is then 24 + 4 + 4 = 32, which happily coincides with the answer for the first
solution. We had to work harder in the alternative solution, but we discovered more. Even if
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there is no justice in this world, there is justice in mathematics.

A

D

F

H

5. 𝐴𝐵𝐶𝐷𝐸𝐹 is a regular hexagon. The square 𝐴𝐵𝐺𝐻 lies inside 𝐴𝐵𝐶𝐷𝐸𝐹 and the
vertex 𝐽 of the square 𝐸𝐼𝐹𝐽 lies inside 𝐴𝐵𝐶𝐷𝐸𝐹. Prove that 𝐻 lies on the line 𝐹𝐽.

𝐴 𝐵

𝐶

𝐷𝐸

𝐹

𝐺𝐻

𝐼

𝐽

Solution

Firstly, consider only the hexagon and square 𝐸𝐼𝐹𝐽, ignoring the other square. Since the
hexagon is regular, ∠𝐴𝐹𝐸 = 120◦. Since the segment 𝐹𝐸 is a diagonal of square 𝐸𝐼𝐹𝐽,
∠𝐸𝐹𝐽 = 45◦. Therefore ∠𝐴𝐹𝐽 = 75◦.

Next, consider the hexagon and square 𝐴𝐵𝐺𝐻, ignoring the small square. From the hexagon,
∠𝐹𝐴𝐵 = 120◦. From the square 𝐴𝐵𝐺𝐻, ∠𝐻𝐴𝐵 = 90◦. Therefore ∠𝐹𝐴𝐻 = 30◦. As the
hexagon shares a common side with square 𝐴𝐵𝐺𝐻, and both shapes are regular, all sides of
the hexagon are the same length as all sides of square 𝐴𝐵𝐺𝐻. In particular, 𝐴𝐹 = 𝐴𝐻, and
the triangle 𝐴𝐹𝐻 is therefore isosceles. This means that ∠𝐴𝐹𝐻 = ∠𝐴𝐻𝐹. Since angles in
triangle 𝐴𝐹𝐻 add to 180◦, we know that ∠𝐴𝐹𝐻 + ∠𝐴𝐻𝐹 = 150◦, therefore ∠𝐴𝐹𝐻 = 75◦.

Since ∠𝐴𝐹𝐻 = ∠𝐴𝐹𝐽, point 𝐻 lies on the line 𝐹𝐽.
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6. A stone is placed in the central square of a 3 × 3 grid. Each second, it moves one
space vertically or horizontally to an adjacent square. After 2𝑛 seconds it is back to
the centre. It is allowed to revisit cells that have been previously visited. Rotations
and reflections of paths are considered different. In terms of 𝑛, how many possible
paths could it have followed? For example, after 2 seconds there are 4 such paths.

Solution

Label the board with a standard checkerboard black/white colouring, with white on the corners
and the centre, and black on the mid-edges. After every move, the stone flips the colour of
square it’s on, from white to black and then back to white. So after an odd number of seconds
it’s on one of the black squares, and after an even number of seconds it’s on a white square. We
will divide up the sequence of steps by considering the first step to a black, then 𝑛 − 1 two-step
moves taking the stone from black, via white, back to black, followed by a final move to the
centre. There are 4 choices for the first move (from the starting position to a black square) and
only 1 choice for the final move (as all black spaces are next to the centre).

Now consider the two-step moves from a given black square, via a white square, and back to
any black. Since the board is rotationally symmetric, the number of such paths is the same for
all starting black squares. There are 3 choices for the first move: two lead to a corner and one
leads to the centre. For the second move, the number of choices depends on the first move. If
we moved to a corner, there are two ways to return to black. If we moved to the centre, there
are 4 moves. So in total, there are 2 × 2 + 1 × 4 = 8 ways to move from black, via white, back
to black.

Each of the 𝑛 − 1 two-steps from black to black is independent of each other, so there are 8𝑛−1

ways of moving from the first black to the last black. Combined with the 4 choices for the first
move, we get a total of 4 × 8𝑛−1 = 23𝑛−1 possible routes.

Note that the final simplification is not necessary to score full marks.

Alternative

Here is a more technical solution. Let 𝑚𝑛 be the number of paths of 𝑛 steps which end on the
middle square. Let 𝑒𝑛 be the number of paths of 𝑛 steps which end on a particular middle of an
edge square. Let 𝑐𝑛 be the number of paths of 𝑛 steps which end on a particular corner square.
Thus 𝑚0 = 1, 𝑒0 = 0 and 𝑐0 = 0.

Now for 𝑛 > 0 we have

𝑚𝑛 = 4𝑒𝑛−1

𝑒𝑛 = 𝑚𝑛−1 + 2𝑐𝑛−1

𝑐𝑛 = 2𝑒𝑛−1

Therefore 𝑚1 = 0, 𝑒1 = 1 and 𝑐1 = 0. Next assume that 𝑛 ≥ 2.𝑁𝑜𝑤𝑒𝑛 = 4𝑒𝑛−2 + 4𝑒𝑛−2 =

8𝑒𝑛−2𝑎𝑛𝑑𝑠𝑜e1 = 1, 𝑒3 = 8, 𝑒5 = 82, 𝑒7 = 83 and in general 𝑒2𝑘+1 = 8𝑘 for all 𝑘 ≥ 0 because you
multiply by 8 at each step. Now for 𝑛 ≥ 1 we have

𝑚2𝑛 = 4𝑒2𝑛−1 = 4𝑒2(𝑛−1) + 1 = 4 × 8𝑛−1.
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You have to be a little careful because the formula does not work when 𝑛 = 0. We know that
𝑚0 = 1 but putting 𝑛 = 0 into the formula 4 × 8𝑛−1 gives 1

2 which is not the correct value of 𝑚0.
You often have to be careful with “edge cases”. In this particular problem, the three original
equations are not valid when 𝑛 = 0,
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