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1 Number theory

1.1 Even and odd integers

An integer is a whole number, positive, negative or zero: 276 017, —42 and 0 are all examples
of integers. Integers appear in many mathematical problems. Sometimes we want to refer to a
subset such as the non-negative integers; note that this set includes zero. (The set of positive
integers does not.)

If a sum or difference of a pair of integers is even, then either both integers are even or both are
odd. To get an odd sum, one integer must be even and the other odd. If a product of two integers
is odd, then both integers are odd.

We can write a general even integer as 2k, where k is an integer. Similarly 2k + 1 is a general
expression for an odd integer. We can use these expressions to prove, for example, that the sum
of two odd numbers is even: if the two odd numbers are 2k + 1 and 2m + 1, then their sum is

Rk+1D)+C2m+1)=2k+2m+2=2(k+m+1).

Since k + m + 1 is an integer, the sum is even as it can be written as 2n, where n = k + m + 1.

Often, we simply talk about even and odd numbers, and the context will have to indicate whether
these include negative integers or zero.

1.2 Prime numbers

When we think about prime numbers, we restrict our attention to positive integers. Every positive
integer greater than 1 is either prime or composite. (A positive integer is composite if it can
be written as the product of two integers, each greater than 1. For example, 70 = 10 X 7 is
composite.) Note that 2 is a prime number; it is the only even prime number.

The Fundamental Theorem of Arithmetic states that every positive integer can be written as a
product of prime numbers in a unique way, where we ignore the order of the factors. For example,
we consider 36 =2 X2 x3x 3 and 36 = 3 X 2 X 2 X 3 to be the same factorisation: they both
include two 2s and two 3s, and the theorem says that every factorisation of 36 into prime factors
includes exactly two 2s and two 3s.

The theorem works for prime numbers too. For example we have 7 = 7, a product of just one
prime number.

The integer 1 is neither prime nor composite. If we considered 1 to be prime, then the Fundamental
Theorem of Arithmetic would fail, as we could also write 36 = 1 X 2 x 2 X 3 X 3. As this
theorem is so important, and we would not like to break it, we agree to regard 1 as ‘special’; it is
technically called a ‘unit’.

(Incidentally, the Fundamental Theorem of Arithmetic also works for the number 1: it is the
product of no prime factors, and an empty product is conventionally taken to equal 1. Similarly,
an empty sum is taken to equal 0.)

1.3 Percentage changes

If a product is sold for £50 and then the price rises by 30% for some reason, we can calculate the
new price: 30% of £50 is £15, so the new price is £65. Similarly, if there is a sale with everything

© UK Mathematics Trust Page 3 Supported by [XTX]

.......


https://www.ukmt.org.uk/

UKMT Mentoring Scheme Mathematical Notes

reduced by 20%, then this product would be reduced by £10 and be sold for £40. In the first case,
the new price is 130% of the original price, while in the second case, the new price is 80% of the
original price.

We can also calculate the new price in a different way, which turns out to be a more powerful way
to think about percentage changes. The following diagrams show this for the two examples just
given:

£50 10 fosol— 2P0 s
Original price 1% Final price
100% 130%
£50 100 050 80 o
Original price 1% Final price
100% 80%

We can also combine the two steps into a single step: dividing by 100 and then multiplying by

130 is the same as multiplying by %8 (why?), so we can do the calculations as follows:

130
ol s
Original price Final price
100% 130%
x% 30
£50 a0
Original price Final price
100% 80%

We can draw a diagram to show this process in general:

— - X multiplier - -
Original price Final price

If the final price is x% of the original price, then the multiplier is j55 (which is what “x%’ means,
as ‘%’ — per cent — means ‘per hundred’).

In words, this gives us an equation:

final price = original price X multiplier

We can now answer two other percentage related questions. Firstly, if we know the original price
and final price, what is the percentage change? For example, if the original price is £80 and the
final price is £140, what is the percentage change? Substituting into the formula, we get

140 = 80 x multiplier

so the multiplier is % = % = 1.75. Writing this as a percentage, the multiplier is 175%. The

original price was 100%, so the change is a 75% increase. As a second example, if the original
price was £150 and it was in a sale for £99, we have

99 = 150 x multiplier
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99 _ 33 _ 66

so the multiplier is 55 = 55 = 105

= 66%. So the change is a 34% decrease.

The second question that this equation helps us to answer is finding the original price given the
final price and percentage change. (This is sometimes called ‘reverse percentages’.) For example,
suppose that an item is on sale for £150, and the sale is for 20% off everything. How much did
it originally cost? We can put these figures into our equation or our diagram, noting that the

multiplier in this case is 80% = %:
x 30
100
£277 £150
Original price Final price
100% 80%

80

150 = original price X —

original price X -

From either of these, we see that to determine the original price, we need to divide the final price
(£150) by the multiplier (18—(%), giving the original price in pounds as 150 + 18—0(2) =150 x %, SO
the original price is £187.50. (If you prefer to work in two steps to begin with, you can find 1%
of the original price by dividing the final price by 80, and then multiplying by 100 to give the

original price.)

As a warning, students frequently attempt to work out the original price by finding 20% of £150,
which is £30, and then assert that the original price was £180. However, this gives the wrong
answer, as the 20% is a percentage of the original price, not the final price.

1.4 Triangular numbers and adding series of numbers

Adding a sequence of numbers going up in regular steps, for example 3 + 8 + 13 +--- + 98, is
easy with the right trick. Think of this written in two ways:

3+ 8+ 13+ ---+88+93+098
98 +93+88+---+13+ 8+ 3

You can now see that we have 20 (vertical) pairs of numbers each adding to 101. (Why are there
20 pairs, and not (98 — 3)/5 = 19 pairs?) Adding all of these pairs together gives a total of
20 x 101 = 2020, so the original series adds up to half of this, which is 1010.

A sequence of numbers going up in regular steps like this (3, 8, 13, ...) is called an arithmetic
sequence or arithmetic progression, and the regular step size is called the common difference.
The word series is used when we are adding a sequence of numbers, so the above sum is called
an arithmetic series.

A very important example of this is the triangular numbers. The nth triangular number, often
denoted by 7,,is 1 +2+- - - + n. (See section 2.3 for more on this subscript notation.) It is called a
triangular number because the series can be visualised as a triangle; hereis 75 = 1 +24+3+4+546
for example:
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[ ) [ ) [ ) [ ) [ ) [ )
We can use the above approach to calculate 7},, writing the sum forwards and backwards:

1 + 2 + 3 + -+ + (n=-2) + (n-1) + n
n + (n-1) + (n=-2) + - + 3 + 2 + 1

Each column sums to n + 1, and there are n columns, so the total of the two sums shown, which
is 2T, is n(n + 1). Therefore T, = %n(n + 1). We can see this visually as well by extending
our earlier diagram: two copies of the triangle form a rectangular pattern of dots with a total of
nX (n+ 1) dots.

©)
©)
e o o

n dots
[ ] [ ] [ ]

e ©¢ O O O
® O O O O
o O O O O

0 O O O O O

[ ] [ ] [ ] [ ] [ ] [ )
<—n+1dots —

As a challenge, you might want to try coming up with a general formula for the sum of an
arithmetic series using the above ideas. What happens if the first term is a, the last term is / and
there are n terms in the series? A harder variant is calculating the sum if you are given the first
term a, the number of terms n and the common difference d.

1.5 Surds

Sometimes, questions ask for the exact value of something. This means that you should not use
your calculator to give a decimal approximation. One time this often comes up is in problems
involving circles, where the answer may use . Another common situation is when the answer
includes numbers like V5: roots that do not simplify to integers are called surds.

The best way to treat surds is like letters in algebra. It can sometimes help to replace a surd by a
letter, as it may make the algebra less gruesome-looking.

Suppose you put ¢ instead of V5. What happens when you find ¢>? It comes to exactly 5
because (\/5)2 = 5 by definition. What about ¢3? This is ¢* = ¢?> x ¢ = 5¢ = 5V5. Note that

c* = c? xc? =5x5 =25 exactly.

As an example of how we might use surds, consider an equilateral triangle with side length 2:

[]
2

The perpendicular height of the equilateral triangle is shown by the dashed line, and it forms
one side of a right-angled triangle with side lengths 2, 1 and / (and the angles of this triangle
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are 30°, 60° and 90°, so it is sometimes referred to as a ‘30-60-90 triangle’). Using Pythagoras’
Theorem, we find that # = V3. From this, we can also calculate the area of the triangle: it is
% X 2 x h = V3. A similar calculation can be performed for any equilateral triangle.

Extending this example, consider adding a second right-angled triangle to the diagram as shown:

Vi3

Applying Pythagoras’ Theorem to the new right-angled triangle, we have x> = h? + (\/ﬁ)2 =
3+ 13 =16, so x = 4. If we had replaced the surds by decimal approximations earlier on, we
would not be able to prove that x is exactly 4.

1.6 Number bases
In this section, we give a very brief overview of number bases.

We are very familiar with the idea that ‘7365 means ‘7 thousands, 3 hundreds, 6 tens and 5 units,
or in symbols:

7365 = 7000 + 300 + 60 + 5
=7x1000+3x100+6x10+5x%x1

=7x103+3%x10*+6x 10" +5x 10°

This way of writing numbers is known as decimal notation or base 10 notation.

There is nothing mathematically special about the number 10 that is used here, though there
is obviously something very special about it for us as humans (we have 10 fingers). We could
replace ‘10’ by a different number, for example 6. If we work in base 6, we are only permitted to
use the digits 0, 1, 2, 3, 4 and 5, and a number such as 2345 would now mean

2345 =2x6°+3%x6%+4x6" +5x%x6°.

S0 2345 in base 6 has value 569 as a decimal number. To indicate which number base we are using,
we write a small subscript after the number stating the base. So we can write 23454 = 5691."

To convert a number from base 10 to base 6, we could try the same thing:
736510 =7 % 10° +3x 10> + 6 x 10" + 5 x 10°

and then work out what 7 x 10% and so on are in base 6. But that is complicated, as our calculators
don’t work in base 6, and we don’t usually think in base 6! A better way is to note that the final
base 6 digit is the remainder when the original number is divided by 6; we can then find the

'We will have more to say about subscripts — also called suffixes — in general in section 2.3. Note that this is a
very different use of subscripts from the ones discussed there.
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previous base 6 digit by repeating this process, and so on. We have

7365 = 1227 X6 +3
=(204x6+3)xX6+3
=((34x6+0)x6+3)x6+3
=((5x6+4)x6+0)x6+3)x6+3

s0 736510 = 54 033.

We can also perform these calculations by hand with a simpler presentation:
6)7365

6122713

6120413

63410
6)5r4
Or5

where on each line, we divide by 6 and show the remainder. (This is ‘bus stop’ division notation,
but writing the quotient below rather than above.) The base 6 representation of the number is
then obtained by reading the remainders from bottom to top.

As practice, you can try doing addition, subtraction, multiplication and division by hand in other
number bases. You can check your answers by converting everything into base 10.

The smallest base that we can use is base 2, often called binary, where the only digits are 0
and 1. (The digits in binary are often called ‘bits’, which is a contraction of ‘binary digits’.) If
the number base is larger than 10, the normal convention is to use ‘A’ or ‘a’ to represent the
digit 10, ‘B’ or ‘b’ to represent ‘11°, and so on. Computer scientists often use base 16 (also
called hexadecimal) when they are working, with digits 0, 1,2, ..., E, F.2

Number bases apply to fractions as well as integers. For example, the fraction % has decimal
representation 0.333 .. .o, but in base 6, this becomes 0.2¢, as the first position after the dot is
the 67! = % column, and % = %. So whether a fraction has a recurring or terminating expansion
depends on the number base!

There is more to say about number bases. The NRICH website has a number of resources and
problems about number bases, which you can find by searching for ‘bases’ at https://nrich.maths.
org/. The Global Math Project has a fascinating series of videos and interactive explorations called
‘Exploding Dots’, which start with an introduction to number bases, but then explore algebraic
aspects and other problems; you can find it here: https://globalmathproject.org/exploding-dots/

1.7 Modular arithmetic

Without using a calculator, what is the final digit of the product 3186 x 78597 We could do a long
multiplication and look at the final digit, but we can also just look at the final digits: 6 X 9 = 54,
so the final digit of the product is 4. On a simple level, we can see why this works by thinking
about long multiplication: only 3186 X 9 contributes anything to the units column. A more

The reason for this is that computers work in base 2, with the only digits being 0 and 1. As 16 = 2%, every
base 16 digit corresponds to four base 2 digits.
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sophisticated way to think about this is to write:

3186 x 7859 = (3180 + 6)(7850 + 9)
= 3180 x 7850 + 3180 X 9 + 6 X 7850 + 6 X 9

In this sum, the first three products are multiples of 10, so end in a zero, leaving only 6 X 9 to
contribute to the units digit.

Another way to think of this question is in terms of the remainders when we divide by 10. (Recall
that we can divide with remainders, for example, 17 divided by 3 is 5 remainder 2, which can also
be written as 13—7 =5+ % = 5%.) In our original example, 3186 divided by 10 is 318 remainder 6,
and 7859 divided by 10 is 785 remainder 9. The remainder of 3186 x 7859 when divided by 10
is the same as the remainder of 6 x 9 when divided by 10, namely 4.

We can introduce notation to represent this idea: we write
3186 =6 (mod 10)
and we say ‘3186 is congruent to 6 modulo 10”3 Our calculation then becomes
3186 x 7859 =6x9=54=4 (mod 10)

We say that two integers are congruent modulo 10 if they leave the same remainder when divided
by 10, so 312 = 602 (mod 10), for example. We can avoid mentioning remainders by saying
that two integers are congruent modulo 10 if their difference is a multiple of 10.

A different example relates to clocks: using a 12-hour clock, 5 hours after 8 o’clock is 1 o’clock.
Using the notation just introduced, we can write 8 + 5 = 1 (mod 12) because 13 and 1 leave the
same remainder when divided by 12.

There is nothing particularly special about 10 or 12 here, beyond the fact that we usually use
base 10 to write our numbers and our clock hours go from 1 to 12. We can do the same with any
modulus; working with congruences brings us into the world of modular arithmetic, and this
turns out to be very useful for a wide variety of problems. An example of modular arithmetic is
introduced in the Archimedes scheme, and then developed further in the Cartwright scheme.

Here, we give a brief overview of the topic.

(a) One way to think about modular arithmetic is that we are doing arithmetic on the finite
set of integers {0,1,2,...,n — 1}. Here, n is called the modulus. An example is using
{0,1,2,3,4,5, 6} to represent the days of the week. Let’s say that O represents Sunday, so
3 represents Wednesday. Thus 18 days after Wednesday is day 21. The number 21 can be
changed back to a number in the set by dividing by 7 and taking the remainder, which is 0.
Hence 18 days on from Wednesday is Sunday.

Using this, we can observe other properties of our calendar. For example, 1 June is 3 days
later in the week than 1 May, because May has 31 days, and 31 = 3 (mod 7). Likewise,
1 January 1998 was one weekday later than 1 January 1997, as 365 = 1 (mod 7); following
a leap year, though, 1 January is two weekdays later.

3The symbol ‘=’ is sometimes used to mean ‘is identical to’ in algebra, for example: (x + 1)> = x> +2x + 1. In
the context of modular arithmetic, though, it has a different meaning.
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(b)

(©)

(d)

(e)

Another way to think of this is that all the integers {...,—-14,-7,0,7,14,21,28, ...} are
represented by 0. Similarly, {...,—13,-6,1,8,15,22,29,...} are represented by 1, and so
on. When we write

3+6=2 (mod 7)

we mean that adding a number in the 3 set to a number in the 6 set gives an answer in the 2
set.

Negative integers are included in these sets, but some care is needed here. When we say that
‘a leaves a remainder of r when divided by n’, we mean that we can write @ = gn + r where
q (the quotient) is an integer and 0 < r < n. For example, an integer leaves a remainder of 2
when divided by 7 if we can write the integer as 7¢ + 2 for some integer g. Therefore, as
—19 =7 x (-3) + 2, we find that =19 =2 (mod 7).

Another way of dealing with negative integers is to initially ignore the minus sign: we can
write 19 =7 X2+ 5,5019 =5 (mod 7). Therefore —19 = —5 (mod 7). Adding 7 to -5
gives 2,50 —19 =2 (mod 7).

We can add, subtract, multiply and take positive powers of numbers in modular arithmetic
just as with ordinary integer arithmetic. We can list rules that explain this in detail, such as
the following, where 7 is a fixed modulus throughout:

e If a = b (mod n) and c is any integer, thena + ¢ = b +c¢ (mod n),a—c=b -c

(mod n) and ac = be (mod n).

b-d

e Ifa=b (modn)and c =d (mod n),thena+c=b+d (modn),a-c
(mod n) and ac = bd (mod n).

e Ifa = b (mod n) and k is any positive integer, then a* = b* (mod n).

These rules can be very helpful in many contexts. One nice example is proving that a number
written in base 10 is a multiple of 9 if and only if its digits sum to a multiple of 9. This can be
done by working modulo 9 and using the above rules, and appears on one of the Cartwright
sheets.

The rules we have just stated can all be proved by starting with the result that a = b (mod n)
if, and only if, a — b = kn for some integer k.

We cannot, in general, divide when doing modular arithmetic: the equation ax = b (mod n)
may have no solutions (for example, 2x = 5 (mod 6)), exactly one solution (for example,
2x =5 (mod 7)), or more than one solution (for example, 2x = 0 (mod 6)). It turns out
that there is exactly one solution when a and n are coprime (their highest common factor
is 1), and in this situation, we are allowed to divide by a. A special case of this is when #n is
prime, say n = p, when ax = b (mod p) always has a unique solution modulo p, as long as
a0 (mod p).

It does not make sense to talk about ‘greater than’ and ‘less than’ when doing modular
arithmetic. For suppose we are working modulo 5, and claim that O < 1. Then repeatedly
adding 1 gives 1 < 2,2 <3and3 <4,s00 <1 <2 <3 <4, and in particular 0 < 4.
But adding 1 to 3 < 4 gives 4 < 0, which is a contradiction. We would reach a similar
contradiction if we supposed that 1 < 0, so we cannot talk about ‘greater than’ or ‘less than’
with modular arithmetic.
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2 Algebra

2.1 Useful algebraic factorisations

If you have learnt how to multiply out (expand) brackets, for example:
(a+b)(c+d)=ac+ad+ bc+ bd,

then you may also know that to multiply out a squared bracket such as (a + b)?, you can just
write it out twice and expand:

(a+b)*=(a+b)(a+b)=a’+2ab+ b
This is a useful result, as is the similar one:
(a—b)? = (a-b)(a-b)=a’-2ab +b°.
A third result which is very useful is:
(a+b)(a—-0b)=a*-b?

which is often called the difference of two squares.

2.2 Rules of inequalities

Many students find the inequality symbols <, <, > and > hard to manage, and often avoid using
them during problems. Instead, they substitute =, and then try to convince themselves (and the
marker or other readers) later on that they have got the direction (< or >) the right way round.

There are some simple rules that govern the use of these inequality symbols, and following them
will keep you on track.

As a general guideline, it is worth substituting in simple numbers to your inequalities at various
points to increase your chances of spotting a mistake.

The basic rules are as follows.
(a) a < b isthe same as b > a. Similarly, a < b is the same as b > a.
For example, 3 < 5 is equivalent to 5 > 3.

(b) If a < b, then a + ¢ < b + ¢ for any number c. Similarly, if a < b, then a + ¢ < b + ¢ for any
number c.

For example, if x —2 < 5, it follows that x < 7 by taking ¢ = 2. Likewise, if x + 2 < 5, taking
c = —2 gives x < 3. We can also describe this case in terms of subtraction: if a < b, then
a — ¢ < b — ¢ for any number ¢ (and similarly for the case a < b).

(c) If a < b, then ac < bc for any positive number ¢, but ac > bc for any negative number c.
The case a < b is similar.

For example, if 3x < 15, it follows that x < 5 by taking ¢ = %, but if —3x < 15, then x > -5
by taking ¢ = —%. As with the last point, we can also describe this in terms of dividing
(as dividing by c is the same as multiplying by %): if a < b, then £ < % for any positive
number ¢, but & > % for any negative number c.
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If you wish to avoid multiplying or dividing inequalities by negative numbers, you can do
so by rearranging instead: if —3x < 15, then adding 3x to both sides gives 0 < 3x + 15, so
subtracting 15 gives —15 < 3x. We can then divide by 3 (which is positive!) to get —5 < x,
or x > —3.

(d) If a < b, then —a > —b, and likewise, if a < b, then —a > —b.
Changing signs is the equivalent of multiplying by —1, which reverses the inequality.

(e) If a < b, then 1 > L provided a and b are both positive or both negative. The case a < b is
a b
similar.

For example, 3 < 5 gives % > % and -5 < -3 gives —% < —%. This result follows by dividing

both sides by ab; since ab > 0, this gives 7 < %. Note that if @ and b have different signs,
this rule does not apply.

(f) For every real number x, we have x2 > 0, with equality if, and only if, x = 0. We sometimes
say (ignoring the zero case) that squares are always positive. This simple result is often very
useful, as we will illustrate below.

In summary, you may add or subtract to both sides, just as with an equation, and you may
multiply or divide both sides by a positive number. Until you build confidence in working with
inequalities, you are advised to manipulate the algebra so that these are the only operations you
have to apply to inequalities.

There are some situations which are likely to catch you out if you are not careful. The most
frequent are cases which involve multiplying or dividing by numbers which may or may not be
negative. Here are some examples.

* Suppose x < 3. Is it true that x> < 9? Perhaps. If x = 1, then x> < 9, but if x = -5, then

x2 > 9 since x2 = 25. So we must not write:

If x <3, thenx? <9
unless we know that x > 0.

* Likewise, if x? > 9, we may have x > 3, but we can easily overlook the possibility that
x < —3. This is very similar to mistakenly saying ‘if x> = 9, then x = 3’. We should
instead write:

If x> > 9, thenx < -3 orx >3
and similarly:
If x2 <9, then -3 < x < 3.

To summarise, watch out for hidden cases involving multiplying or dividing by negative numbers,
taking squares or taking square roots.

Putting together the previous subsection with this, as (a — b)? = a> — 2ab + b* and (a — b)> > 0
from (f) above, we have a® — 2ab + b* > 0.

This can be written in various ways, for example:

a’ + b? a’ + b*?
> ab; >

2 2 . 252
+b° > 2ab b-.
a > 2ab; ;2 52 Va
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If we now replace a? with x and b2 with y, we deduce that

+
xzyz\/x_y for x,y > 0.

Equality occurs if, and only if, x = y.

2

This is known as the arithmetic mean—geometric mean inequality (or “the AM—GM inequality
for short). On the left hand side of > is the arithmetic mean of x and y, which is colloquially
known as the average of x and y, but technically called the mean of them. It turns out that there
are different ways to define a ‘mean’: the right hand side, /xy, is called the geometric mean of x
and y. (When we just say ‘mean’, we always mean the ‘arithmetic mean’; this is the only type of
‘mean’ you are likely to meet in your regular school mathematics.)

We can use this, for example, to verify that V10 < 2%5 = 3% (though it is perhaps simpler to just
square both sides!), or to prove that the rectangle with the greatest area for a given perimeter is a
square.

Finally, there are some more advanced manipulations of inequalities that also require care, and
we give two examples here:

(g) If 0 < a < b, then a® < b when ¢ > 0, but a® > b when ¢ < 0. If we remove the restriction
that a and b are positive, we have a partial result: if a < b and c is a positive odd integer,
then a¢ < b¢ and §/a < Vb (which can also be written as a'/¢ < b'/¢).

(h) Ifa < b, then ¢ < c? when ¢ > 1, but ¢ > ¢? when 0 < ¢ < 1.

2.3 Subscript or suffix notation

If we have a sequence, we could name the terms of the sequence with letters in alphabetical order
asa, b, c, ..., but we would soon run out of letters. Instead, it is useful to use one letter for
the whole sequence and to attach a small number next to it, written just below the line, called a
subscript or suffix. For example, if we use the letter ¢ for the sequence, the sequence would be
written as t1, 12, 13, ..., tp, ..., 0Oras to, ty, ta, . .., ty, . .. if we start our sequence from the zeroth
term. We write 7, with suffix n to mean the nth term of the sequence, so t,,4+1 is the (2n + 1)st
term. Suffixes should not be confused with an index such as the 5 in 23, which represents the Sth
power of 2.

Here is an example using the Fibonacci sequence, which is defined by adding two consecutive
terms to yield the next term. We start with 1 and 1:

Fi=1, F=1, F=2  F,=3, Fs=5 F=8 F =13, Fgzg=21,

We can write the rule as Fy,;o» = F,41 + F,forn>1,oras F, = F,,_y + F,,_» forn > 3.
Sometimes it is also useful include the term Fy = 0, noting that we then also have F, = F| + F.
Here are some examples of the use of this notation in the context of the Fibonacci numbers:

(a) Fygis five terms after F3.

(b) ng means the square of Fg, and has the value 212 = 441.
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(c) F, is the nth Fibonacci number. Then F;,_; is the term before F},, F,,;] is the term after F),,
and F),, is the term after F, 4.

(d) F,, means the (2n)th term, which is the term in the nth even position; F,,_; is similarly the
term in the nth odd position.

(e) We can see that F, 52 is one more than F4 X Fg. We normally leave out the multiplication sign
and write F52 = F4F¢ + 1. Check that it is true that F,f 1s one more or less than F,,_; F,4 for
some other values of n. It turns out that in general Fn2 = Fy_1Fpy1 + (=)™, though the
proof of this requires more advanced techniques.

Suffix notation is also used in other contexts. For example, we may have three numbers, and
instead of calling them a, b and ¢, we call them a, a; and a3, even though we are not thinking
of them as a sequence.

2.4 The modulus (or absolute value) function

Note that the ‘modulus’ of this section is a different use of the word from the ‘modulus’ used in
modular arithmetic (section 1.7).

We often want to ask how far apart two numbers are, without caring about the order the numbers
appear in. For example, if we have the two numbers 3 and 7, they are 4 apart. We can calculate
this distance by subtraction, but this gives a problem: while 7 — 3 = 4, if we take the numbers in
the opposite order, we get 3 — 7 = —4. This means that we cannot denote the distance between
the numbers a and b by a — b. We could instead write d(a, b) to mean the distance between a
and b; this is called a distance function. Using this notation, we have d(7,3) = d(3,7) = 4.

We can think of this in a slightly different way. We calculated 7 — 3 = 4 and 3 — 7 = —4; they
both give the distance between 3 and 7, except for the minus sign. We therefore introduce the
modulus function, written with vertical bars, which means ‘the distance from zero’; for real
numbers, this is the same as saying ‘ignore any minus sign’.# It is also called the absolute value
function. We can therefore write |4| = 4 and |-4| = 4, and so d(3,7) = |3 — 7|. In general, the
distance between the two numbers a and b is given by d(a, b) = |a — b|, or equivalently by
d(a,b) =|b—al.

We can give a formal definition of the modulus function: for a real number x,

X ifx>0
x| = .
—x ifx<O.

You might like to sketch a graph of this function.

Because the function behaves differently for x > 0 and x < 0, great care must be taking when
manipulating equations involving a modulus function. We can observe one thing: as x> = (—x)?,
we have |x|? = x? for all values of x, and this allows us to make progress when solving equations.
For example, to solve the equation |x — 3| = 5, we could square both sides to get (x —3)? = 25 and
then solve the resulting quadratic equation to get x = —2 or x = 8. We must remember to check,
though, that the solutions we get are valid: squaring can introduce extra spurious solutions.

4Mathematicians also use the modulus function in other contexts, where ‘the distance from zero’ makes sense
but ‘ignore any minus sign’ doesn’t.
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Another way of solving |x — 3| = 5 is to solve the two possibilities: (x —3) =5and —(x —-3) =5,
and then to check whether the solutions we get are valid in the original equation.

Reading this equation as ‘the distance between x and 3 is 5’ or ‘x is at a distance of 3 from 5’
shows why the correct answer is x = =2 or x = 8: these are the numbers which are at a distance
of 3 from 5.

Solving inequalities involving the modulus function is somewhat trickier. To solve |x — 3| < 5,
we could write u = x — 3 and note that |u| < 5 when -5 < u < 5,s0 -5 < x —3 < 5, hence
-2 < x < 8. We can read the original inequality as saying ‘x is less than 5 away from 3.
Likewise, |x — 3| > 5 has the solution x < =2 or x > 8.

We can also draw a graph of y = |x — 3|; we can see from this both where |x — 3| = 5 and the
regions where |x — 3| > 5 and where |x — 3| < 5:

2y
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3 Geometry

3.1 Approaching geometry problems

There are a few general guidelines for useful things to do when approaching a geometry problem
on a mentoring sheet or mathematical olympiad paper.

In (UKMT) mathematical olympiads, you are permitted to use a ruler, compass and set squares,
but not a protractor or calculator. A key thing for geometry problems is to draw a diagram that is
large enough to mark on everything you need to. If your first sketch turns out to be too small or
not to work for another reason, do draw another sketch! This is a very common situation! Also,
while it is often adequate to draw a rough freehand sketch to solve a geometry problem, it is also
possible to draw a reasonably accurate diagram of the situation if needed, as discussed in more
detail in section 3.8 below. Once you have drawn such a diagram, it may be helpful to see what
angles or lengths you can work out. You may need to draw extra lines or circles on your diagram
to help. For example, there may be a parallelogram hiding in the diagram, but not all sides of it
appear in the original diagram. Similarly, there may be cyclic quadrilaterals lurking, and you
may have to be quite ingenious to find them.

There is a slightly tricky issue of what geometrical results you may assume and use in your
answers. Obviously, if you already know the result you are being asked to prove, you can’t just
say “This is the well-known Foobar Theorem,” and leave it at that: you should give a proof of the
Foobar Theorem. But other than that, you can reasonably use anything you have learnt at school,
anything that appears in these notes, or anything you have found in a UKMT geometry textbook
and can quote accurately. (And if you have read any of Euclid’s Elements, you can quote from
there, to0o.)

3.2 Labelling and naming shapes

In geometry problems, we usually label shapes (such as lines, triangles, circles and other
polygons). There are a few conventions we use:

* For polygons (including triangles), we label the vertices with capital letters from the
English alphabet, and describe it by writing or saying ‘the quadrilateral ABCD’. The order
of the letters is the order in which the vertices appear when moving round the polygon,
either clockwise or anticlockwise (though some have the convention to always name the
vertices in an anticlockwise order). So this quadrilateral:

D

A

could be described as ‘the quadrilateral ABDC’ or ‘the quadrilateral DBAC’, but not as
‘the quadrilateral ABCD’.

* For circles, we can give a circle a name such as C, Cy or I' (the Greek letter capital gamma,
see section 4.1). This refers to the entire circle, not any specific point on it or its centre.
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 Similarly, we can give a straight line a name such as L, [; or T. As with circles, this refers
to the entire line, not any specific point on it.

* When we write AB, we usually mean one of several things: the straight line passing
through A and B, the line segment A B (which in the above example is a side of the polygon
ABDC), or the length of the line segment (or side) AB. One usually has to rely on context
to indicate which of these is meant.

* We can refer to an angle by specifying three points that define the angle. For example, we
can refer to the angle shown in this quadrilateral as angle ACD or angle DCA. Various
different notations are used for this, such as ZACD, ACD and ACD.

D
C
B
A
* For triangles, there is a convention to refer to the three angles by just the central vertex
name. So in the triangle ABC, A can be used to mean /BAC, B can mean Z/ABC and

C can mean Z/ACB.
A
B :;
C

* A further convention is sometimes used for triangles: the length of a side is denoted by the
small letter corresponding to the opposite vertex, as shown in this diagram:

A
c
B b
a
C

We summarise some basic results about angles and parallel lines here.

3.3 Angles and parallel lines

Theorem 3.3.1: [f the lines AB and CD meet at E, then the angles / AEC and /BED are equal.
They are called vertically opposite angles or just opposite angles.

C>><<B
A E D
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In this diagram, lines AB and CD are parallel, and the line EF that crosses them is called a
transversal:

F

E

Theorem 3.3.2: In the above situation:
e /{HGB = /FHD:; these are called corresponding angles;,
* t{HGB = /GHC; these are called alternate angles, and

* /AGH + /GHC = 180°; these are called co-interior or allied angles.

Angles that sum to 180° are called supplementary, so we can say that ZAGF and /EHC are
supplementary.

The converses of these theorems are also true, as is the converse of angles on a straight line sum
to 180°:

Theorem 3.3.3: Suppose /ABC + /CBD = 180°. Then A, B and D are collinear (that is, B

lies on the straight line AD).
D
>9/
B
A

Theorem 3.3.4: Suppose AB is a straight line and E lies on AB. Suppose further that
LAEC = /BED. Then C, E and D are collinear.

g
A E D
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Theorem 3.3.5: In the situation shown in this diagram:

F

E

if any one of the following conditions holds, then AB and CD are parallel:
* t{HGB = /FHD (corresponding angles are equal),
* /{HGB = /GHC (alternate angles are equal), or

* /AGH + /GHC = 180° (co-interior angles are supplementary).

3.4 Congruent triangles

Consider this pair of triangles:

R
C

We say that the triangles ABC and PQR are congruent if they have equal angles and equal side
lengths. That is, we have all of the following:

/CAB = /RPQ AB = PQ
/ABC = /POR BC = OR
/BCA = /PRQ CA =RP

Note that the order of vertices in our names for the triangles matters. We say that:

vertex A corresponds to vertex P,
vertex B corresponds to vertex Q, and
vertex C corresponds to vertex R.

For the triangles shown here, we would not say that triangle ABC is congruent to triangle RQP,
as /BAC # LQRP.

We similarly say that the sides correspond:

side AB corresponds to side PQ,
side BC corresponds to side QR, and
side CA corresponds to side RP.

© UK Mathematics Trust Page 19 Supported by [XTX]

.......


https://www.ukmt.org.uk/

UKMT Mentoring Scheme Mathematical Notes

We see that a side from one triangle corresponds to a side in the other triangle if the two sides are
opposite the same angle.

Congruent triangles can be mapped one to the other by a suitable combination of translations,
rotations and reflections. (And in general, we call two shapes congruent if one can be mapped to
the other by a combination of these transformations.)

There are four key theorems we can use to prove that two triangles ABC and PQR are congruent.
We also give (in brackets) a brief phrase and notation you can use to refer to these theorems.?

* (angle—side—angle, ASA) If two pairs of angles and one pair of sides are correspondingly
equal, then the triangles are congruent. For example, if ZABC = £PQOR, /BCA = L.QRP
and either BC = QR or AB = PQ or AC = PR, then ABC and PQR are congruent.6

* (side—angle—side, SAS) If two pairs of sides and the angles between the sides are
correspondingly equal, then the triangles are congruent. For example, if AB = PQ,
BC = QR and /ABC = /PQR, then ABC and PQR are congruent.

* (side—side—side, SSS) If three pairs of sides are correspondingly equal, then the triangles
are congruent. For example, if AB = PQ, BC = QR and CA = RP, then ABC and PQR
are congruent..

* (right angle-hypotenuse—side, RHS) If the triangles are both right-angled, with equal
hypotenuses and another pair of correspondingly equal sides, then the triangles are
congruent. For example, if ZABC = /PQR =90°, AC = PR and AB = PQ, then ABC
and PQOR are congruent.

In the second case (SAS), it is essential that the equal angle lies between the corresponding pairs
of sides. For example, in the following diagram, we have two pairs of correspondingly equal
sides (AB = PQ, BC = QR) and a pair of correspondingly equal angles (/.BAC = /QPR):

C

R

e S

A B P 0

These triangles are clearly not congruent: the equal angles do not lie between the two pairs
of equal sides. We have here a case of ASS (angle—side—side), and that does not guarantee

SLater in these notes, we will prove some of the theorems we state. However, the proofs of some of these
congruency theorems are quite subtle, so we will not discuss them further here. You can find traditional proofs in
Book I of Euclid’s Elements, and there are several websites where this can be found. Over the centuries, difficulties
were encountered with the foundations of the Elements, and these were addressed by a number of mathematicians. A
relatively gentle explanation of David Hilbert’s approach from the late 19th century can be found in Hartshorne,
Geometry: Euclid and beyond, but this is an undergraduate-level textbook!

®More precisely, we could say ASA when the corresponding side lies between the two corresponding angles,
and AAS (angle—angle—side) when it does not. These situations both guarantee congruence. As the angles in a
triangle sum to 180°, if two pairs of corresponding angles are equal, so is the third pair. For this reason, we can
always consider the corresponding equal side to be between two corresponding equal angles, and so most people do
not distinguish between ASA and AAS, saying ASA in all cases.
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congruence. It is sometimes called the ambiguous case, as there are situations such as this where
two different triangles can be drawn with the same angle and side lengths.”

3.5 Similar triangles
As with congruency in the previous section, we consider two triangles:

R
A

c Q

We say that two triangles ABC and PQR are similar if they have equal angles:

/CAB = /RPQ
/ABC = /POR
/BCA = /PRQ

As with congruency, the order of vertices matters, and we use the same language of ‘corresponding’:
vertex A corresponds to vertex P, and side AB corresponds to side PQ. For similarity, we do not
require the corresponding sides to have equal length.

A key result about similar triangles (and similar shapes in general) is that corresponding sides
are in a fixed ratio to each other, that is:

AB BC CA

PO QR RP’
Rearranging these equalities also shows that the ratio of a pair of sides within one triangle is the
same in the other triangle, for example:

AB PQ d AB PQ
— =— and — =—.
BC QR AC PR
Using such ratio properties can be very helpful in geometry problems.
As with congruency, there are different ways to determine if two triangles are similar:

* (angle—angle—angle, AAA) If all three pairs of angles are correspondingly equal, then the
triangles are similar. (We have used this as our definition of similarity of triangles.) Since
the angles of any triangle sum to 180°, it is sufficient to check that two pairs of angles are
correspondingly equal.

* If the ratio between corresponding sides is the same for all three sides, that is
AB BC CA
PQ QR RP’

then the triangles are similar.

"Note that this differs from the situation with ASA, where any one of the sides may be used.
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* (side—angle—side, SAS) If the ratio between two pairs of corresponding sides is equal and
the angles between these sides are correspondingly equal, then the triangles are similar.

For example, if
AB  BC

PO~ OR
and Z/ABC = /PQR, then ABC and PQR are similar.

The warning about SAS in the previous section applies here as well.

Similar triangles can be mapped one to the other by a suitable combination of translations,
rotations, reflections and enlargements. (In general, we call two shapes similar if one can be
mapped to the other by such a combination of transformations.) Note that the difference between
similar triangles/shapes and congruent ones is that we allow enlargements when considering
similarity.

3.6 Triangle geometry
We begin with a simple but useful theorem about the angles of a triangle.

Theorem 3.6.1 (Exterior Angle Theorem®): In a triangle, each exterior angle is the sum of the
opposite interior angles. In this diagram, for example, /\CBD = /BAC + /ACB.

C

A B D

If we know that the angles in a triangle sum to 180° and the angles on a straight line also sum
to 180°, then we can see why this must be true: the angle ZABC can be calculated as either
180° — Z/BAC — /BCA or as 180° - £CBD, so /BAC + /BCA = /CBD.

Another useful result is the Midpoint Theorem.

Theorem 3.6.2 (Midpoint Theorem): Let ABC be a triangle, and let D and E be the midpoints
of AB and AC respectively. Then DE is parallel to BC, and the length of DE is half the length
of BC (DE = 1BC).

C

A D B

We can prove the midpoint theorem using similarity (see the previous section). There is a very
different proof that does not rely on similarity, but we do not give it here.

81n some books, the name ‘Exterior Angle Theorem’ is used to refer to a weaker version of this result, namely
that the exterior angle is greater than each of the opposite interior angles.
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Proof. We claim that triangles ABC and ADE are similar, and we use the SAS criterion to do
so. We have

AB AC _

AD ~ AE
since D and E are the midpoints of AB and AC respectively. Also, /ZBAC = /DAE, so the
triangles are similar. This implies that % = ﬁ—g = % =2,s0 DE = %BC . Also, as the triangles
are similar, ZABC = LADE, so by Theorem 3.3.5, BC and DE are parallel (these angles become
corresponding angles). O

(The little square box on the previous line means ‘end of proof’; traditionally, the letters QED — an
abbreviation of the Latin quod erat demonstrandum, meaning ‘that which was to be demonstrated’
—were used at the end of a proof, but in more recent times, this has been replaced by other markers.
The most common one nowadays is a box, either hollow as here or solid.)

One famous theorem is Pythagoras’ Theorem:
Theorem 3.6.3 (Pythagoras’ Theorem): In the triangle ABC, if C = 90°, then c* = a® + b>.
A

b

C a B

Somewhat less known, but nevertheless very useful, is the converse of this result:

Theorem 3.6.4 (Converse of Pythagoras’ Theorem): In the triangle ABC, if ¢* = a® + b, then
C =90°.

If you have met the cosine rule, you might want to think about how Pythagoras’ Theorem and its
converse are related to the cosine rule.

Triangles have many other interesting properties, including those of their centres. There are
many different ways to define the ‘centre’ of a triangle, and some of the most important are the
centroid, circumcentre, incentre and orthocentre. The last three of these are introduced in the
Noether scheme, and we explain the centroid here.

From each vertex of a triangle, there is a line segment joining the vertex to the midpoint of the
opposite sides. Each of these lines is called a median of the triangle. The three medians meet at
the centroid of the triangle. The centroid divides the length of each median in the ratio 2 : 1.
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The centroid can be thought of as the ‘balancing point’ of the triangle (more formally known as
the centre of mass): if you cut a triangle out of card, it will balance on a ruler if the centroid lies
directly above the ruler. Furthermore, if the cardboard triangle is hung from any point on the
triangle, the centroid will lie directly below that point.

While we will not prove the ‘balancing point’ results here, we will prove the two assertions that
the three medians meet at a point, and that this point divides the length of each median in the
ratio 2 : 1.

Proof. We will write [ABC] to mean the area of triangle ABC.° Let B’ and C’ be the midpoints
of CA and AB respectively, and let the medians BB’ and CC” meet at G, as shown in the diagram
above. We draw the line AG and extend it to meet BC at X. We are going to prove that X is the
midpoint of BC, which will show that the third median also passes through G.

Because the bases AB” and B’C of AABB’ and ACBB’ are equal and because these two triangles
have the same height measured from B, it follows that [AB’B] = [CB’B].

(Note: when considering the area of a triangle, you may find it useful to turn the paper round so
that the side you want to treat as the base is closest to you and the height is measured away from

you.)

For the same reason, [AB’G] = [CB’G], so it follows that [ABG]| = [CBG].
Similarly, using the side AB with midpoint C’, we find that [ACG]| = [BCG].
Hence [ABG] = [ACG].

Using the AG and G X as triangle bases, we likewise see that

[BGX] GX [CGX]

[ABG] GA [ACG]’

Since [ABG]| = [ACG], we have [BGX] = [CGX] and so BX = CG, showing that X is the
midpoint of BC.

Furthermore, because [BGX] = [CGX], it follows that [BGX] = %[BGC] = %[BGA]. As the
two triangles BGX and BG A have the same height from B, it follows that their bases GX and
GA are related by GX = %GA, so G divides the median AX in the ratio 2 : 1. As the choice of
median AX was arbitrary, the same applies to the other two medians. O

3.7 Circle geometry: some theorems

In this section, we state a number of theorems about circles, and we give proofs for many of them.
You may wish to skim or skip the proofs the first time you read this section.

The first theorem is about tangents to circles. A tangent to a circle is a straight line that meets the
circle at exactly one point, as shown in this diagram. If this point on the circle is A, we say that
this line is tangent to the circle at A.

There is no standard notation for the area of a triangle, so if you use this notation in your own solutions, you
must explain it to your reader.
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T A

Theorem 3.7.1: Given a circle with centre O and a radius O A, the line perpendicular to O A
passing through A is tangent to the circle at A. And conversely, given a circle with centre O, if a
line is tangent to the circle at A, then it is perpendicular to the radius O A.

The colloquial way of stating this theorem is that a tangent to a circle is perpendicular to the
radius. The proof of this theorem is quite subtle, and we will not give it here.

The next theorem is about circles touching. Two circles fouch if they meet at only one point; if
this point is A, we say that the circles touch at A, and we say that A is the point of tangency of
the circles. In the diagram below, we say that circles C| and C; touch internally at A: circle C;
is entirely inside circle Cy except for point A. Similarly, we say that circles C3 and Cy4 touch
externally at B: no point of either circle lies inside the other circle.

C3

Theorem 3.7.2: If two circles Cy and C, touch at A, then they have a common tangent at A.
(That is, the tangent to C| at A is also tangent to Cy at A.) Furthermore, the line joining the
centres of C1 and C, passes through A.

Note that in the case of two circles touching internally, while A lies on the line joining the centres,
it does not lie between the centres; see the diagram above.

We now move on to a series of theorems about angles in circles.

Theorem 3.7.3 (Angle in a semicircle): If a triangle ABC is drawn with AB a diameter of a
circle and C lying on the circle, then /ACB = 90°. Conversely, if ABC is a right-angled triangle
with LACB = 90°, then AB is a diameter of the circumcircle of ABC (the circle passing through
the three points A, B and C).
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P

This is usually abbreviated to ‘the angle in a semi-circle is a right angle’, or more formally as ‘the
angle subtended by a diameter is a right angle’.

Proof. Draw in the radius OC:

As OA, OB and OC are all radii, the triangles AOC and BOC are isosceles, so ZOAC = LOCA
and ZOBC = £OCB. We can now use the External Angle Theorem (Theorem 3.6.1):

LAOC = LOBC + /0CB =2/,0CB
LBOC = LOAC + LOCA =2/0CA

Adding these, since ZAOC + £/COB = 180° (angles on a straight line), we find that 2(Z/OCB +
LOCA) =180° s0 LACB = 90°.

The proof of the converse follows very similar lines to the proof of Corollary 3.7.7 below. O

Theorem 3.7.4: If AB is a chord of a circle with centre O and C is a point on the circumference
of the circle on the same side of the chord as O, then /AOB =2/ACB.

This is usually abbreviated to ‘the angle at the centre is twice that at the circumference’ or more
formally as ‘the angle subtended by a chord (or an arc) at the centre of the circle is twice the
angle subtended by that chord (or arc) at a point on the circumference of the circle’.

Proof. In this diagram, we have drawn the given setup along with an extra radius OC, extended
through O to some arbitrary point D. The argument is very similar to the previous proof, again
using isosceles triangles and the External Angle Theorem.
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T

B

We have, from the External Angle Theorem and noting that OAC and O BC are both isosceles:

LAOD = /OAD + /ACO =2/ACO
(DOB=/0CB+ /0OBC =2/0CB

Adding then gives ZAOB = 2(£/ACO + LOCB) =2/ACB. O

Some notes on this theorem and proof:

* This proof only considers one possible configuration. How would the proof have to
change if the line AC passed through O, or if AC passed through the radius OB, or if BC
passed through the radius OA? It is standard in geometry to only consider one possible
configuration if the changes required to the proof for other configurations are only minor.

* The statement of this theorem assumes that C is on the same side of the chord AB as O,
and this also requires that O does not lie on AB. The proof is unchanged in the case that O
lies on AB, where we take ZAOB = 180°; we then recover Theorem 3.7.3. In the case that
O and C lie on opposite sides of AB, the result still holds (with an identical proof) as long
as we take ZO AB to be the reflex angle at O, as shown in the following diagram.

LN

* The potential converse, namely: “if A, B, C and O are points with O and C lying on the
same side of the line AB, and ZAOB = 2/ ACB, then the circle through A, B and C has
centre O,” is false; O might be the centre, but it could lie anywhere on the arc of a circle
passing through A and B.
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Corollary 3.7.5: If AB is a chord of a circle, and C and D are points on the circumference of
the circle on the same side of the chord as each other, then /ACB = /ADB.

C

B

Colloquially, ‘angles on the same chord are equal’, or more precisely, ‘angles on a chord in the
same segment are equal’.

Corollary 3.7.6: Given fixed points A and B, the set of all points C with /ACB = « for some
fixed angle a and C on a specified side of AB is an arc of a circle.

Though the converse of Theorem 3.7.4 is false, the converse of its Corollary 3.7.5 is true and
frequently useful in Olympiad geometry problems:

Corollary 3.7.7: If A, B, C and D are points with /ACB = LADB, and C and D lie on the
same side of the line AB, then A, B, C and D are concyclic (i.e., they all lie on the same circle).

Proof. Draw the circle passing through the points A, B and C. (There is always a unique circle
passing through three non-collinear points; this circle is called the circumcircle of the triangle
ABC.) Let E be the point of intersection of BD with the circle and join AE, as shown in this
diagram.

B

By Corollary 3.7.5, /AEB = /ACB. Butif D lies outside the circle, as in the diagram, Z/AEB >
£ AD B; similarly, if D lies inside the circle, /AEB < /ADB. But /ADB = /ACB = /AEB, so
neither of these cases are possible. Therefore E = D, proving that D lies on the circle through A,
B and C. i
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A cyclic quadrilateral is a quadrilateral all of whose vertices lie on a circle.

Theorem 3.7.8: Opposite angles in a cyclic quadrilateral are supplementary (sum to 180°).
Proof. Let the cyclic quadrilateral be ABCD, with all vertices lying on a circle with centre O.

D

Using Theorem 3.7.4 and the following notes, for this configuration, we have
2/ADC +2/ABC = £AOC (obtuse) + LAOC (reflex) = 360°

so LADC + £ABC = 180°.

Alternatively, we could draw in all four radii to the vertices, forming four isosceles triangles; if
we take all eight base angles formed, we get the sum of the interior angles of a quadrilateral,
which is 360°. We can then choose one of each pair of base angles to get the opposite angles
of the cyclic quadrilateral. Again, there are three configurations to consider, depending upon
whether O lies inside the quadrilateral, on one of its edges or outside it.

A third approach is to draw in the two diagonals and use Theorem 3.7.5 to identify four pairs of
equal angles:

’ C
B
Since the angles of any quadrilateral sum to 360°, we have 2w + 2x + 2y + 2z = 360°, so

LADC + LABC =w +x +y + z = 180° and similarly for ZBAD + /BCD. O

Corollary 3.7.9: Ifin a quadrilateral, opposite angles are supplementary, then the quadrilateral
is cyclic.

The proof of this corollary is very similar in style to the proof of Corollary 3.7.7, and we do not
give it here.
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Theorem 3.7.10: A radius (or diameter) of a circle which bisects a chord is perpendicular to

that chord. Conversely, if a radius (or diameter) is perpendicular to a chord, then it bisects the
chord.

Proof. Consider this figure:

a

Let M be the midpoint of a chord PQ of the circle; we must show that ZOMQ = 90°.
We first show that OPM is congruent to OQ M, using SSS:

e OP = 0Q as both are radii of the circle;
* PM = MQ as M is the midpoint of PQ, and
e OM = OM as it is a common side.

Therefore ZOMP = 1OMQ.

Since ZOMP+/OMQ = 180° (angles on a straight line), it follows that Z/OMP = /OMQ = 90°,
so OM is perpendicular to PQ.

For the converse, in the above diagram, suppose that O M is perpendicular to PQ; we must show
that M is the midpoint of PQ. We again show that O PM is congruent to OQ M, this time using
RHS:

* L/OMP = /OMQ = 90° by assumption;
OP = OQ as both are radii of the circle, and
OM = OM as it is a common side.

Therefore PM = QM and M is the midpoint of PQ. ]

We finish this section with a theorem that pulls together tangents and angles in circles.

Theorem 3.7.11 (The alternate segment theorem): Let T lie on the tangent to a circle at C, and
A and B be other points on the circle as shown in the diagram. Then /TCB = /BAC.

A
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Proof. This is easiest to show in the case that AC is perpendicular to the tangent, for then AC is a
diameter (by Theorem 3.7.1), so the angle ZABC is a right angle by Theorem 3.7.3 above. Then

/BAC =180°-90° - LACB angles in a triangle
=90° - £ZACB
=/TCB AC 1is perpendicular to the tangent

But then it is always true, as if B and C are fixed, the angle ZBAC is fixed because of the angles
on a chord theorem (3.7.5).

In the case that /T CB is right-angled or obtuse, the argument is similar, additionally requiring
Theorem 3.7.8 in the latter case. O

3.8 Diagrams and constructions for geometry problems

When attempting a geometry problem, it is really important to draw a diagram of the situation.
Do ensure it is large enough to clearly see what is going on and to be able to label everything
needed. (And as noted earlier, you may need to redraw your sketches if your first attempt does not
work for some reason.) It is often adequate to draw a rough freehand sketch. On other occasions,
especially when the geometrical situation is complicated, it may be helpful to draw an accurate
diagram to get a clearer idea of what is going on and how parts of the diagram are related. This
might suggest some properties of the diagram (such as certain lines being parallel), and thereby
indicate a possible direction for solving the problem.

In mathematical olympiads, calculators and protractors are not allowed, though rulers and pairs
of compasses are. So it is helpful to be able to draw accurate geometric diagrams using just
these tools. The ancient Greek mathematicians restricted themselves even further: instead of a
ruler, they only allowed themselves a straight edge, like the edge of a ruler but with no markings.
There are some standard basic constructions that can take us a long way: drawing perpendicular
bisectors of line segments, drawing a perpendicular from a point to a line, drawing an angle
bisector, and drawing an equilateral triangle. Descriptions of these constructions can all be
found on numerous websites. If you enjoy geometric constructions, you might like the game
at https://www.euclidea.xyz/ which challenges you to perform constructions as efliciently as
possible. (Be warned, though: it gets extremely difficult fairly quickly!)

One may also want to redraw the diagrams as some ideas become irrelevant and other ideas
take on increasing importance; the first diagram you draw may not be good enough to solve the
problem.

Sometimes a question involves a triangle, with nothing particularly special about it. If you decide
that you want to draw an accurate diagram for the question, it can be useful to draw a scalene
triangle with angles near these: such a triangle clearly avoids special cases such as right-angled
triangles and isosceles triangles, and it is quite easy to draw:

C
75°

45° 609
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In UKMT Olympiads, you are permitted set squares, so you can use a 45-45-90 set square to
draw the 45° angle, and a 30-60-90 set square to draw the 60° angle. (This triangle can also be
constructed accurately using just ruler and compasses.) But this level of accuracy is not usually
required to solve a geometry problem.

Beyond simply learning how to perform the above constructions, one also needs to prove that
these constructions work as claimed; the theorems in section 3.4 are often useful for this purpose.
For example, here is a proof that the standard construction of a perpendicular bisector works;
this gives an idea of how geometric proofs can be presented. For many more examples of such
proofs, you could study one the books referred to in section 4.2.

Construction: Given a line segment AB, draw two circles with the same radius, one centred on A
and one on B. (The radius must be greater than %AB; aradius of AB will do.) The line joining
the two points of intersection of these circles is the perpendicular bisector of AB.

Proof. Label the two points of intersection of the circles as C and D, and the point where CD

meets the line AB as X.
/ x
A B

The triangles ACB and AD B are congruent by SSS:

* AB = AB as it is a common side
* AC = AD as they are radii of the same circle
* BC = BD as they are radii of the same circle

Therefore /CAB = /DAB and /ABC = LABD.
Now consider the triangles ACX and AD X. These are congruent by SAS:

* AC = AD as they are radii of the same circle
* /CAX = LCAB = /DAB = /D AX using the result just proven
* AX = AX asitis acommon side

Therefore /AXC = /AXD. Since these angles form a straight line at X, they sum to 180° and
so each must be 90°. Therefore CD is perpendicular to AB.
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Finally, consider the triangles ACX and BCX. These are congruent by RHS:

* L/AXC = £/BXC = 90° using the result just proven
* AC = BC by construction (the circles have the same radii)
e CX = CX asitis a common side

Therefore AX = BX and X bisects the segment AB.
Putting these together, CD is the perpendicular bisector of AB.
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4 Miscellaneous

4.1 The Greek alphabet

This is often used in mathematics when writers run out of (Latin) letters or wish to use a different
style of letter for contrast.

There are twenty-four characters in the Greek alphabet, usually written in this order:

A « alpha I iota P p,0 rho

B g beta K «,% kappa Y o,¢ sigma
r vy gamma A A lambda T 1 tau
Ao delta M u mu Y v upsilon
E €,& epsilon N v nu O ¢,¢ phi

Z [ zeta 2 & Xi X x chi

H n eta O o omicron Y v psi

® 6,9 theta I m @ pi Q w omega

In this table, the first column is the capital letter and the second column is the lower case letter.
Many of the capital letters are indistinguishable from Latin capital letters, and so are almost
never used in mathematics; for the same reason, omicron is not often used. (Seven letters are
shown with variant lower case forms, and they are as follows. The two variants of the letters
epsilon, theta and phi are both commonly found in mathematics books and papers. The second
variant of the letters kappa, pi and rho are found, but are significantly rarer than the first form.
Finally, the variant form of sigma is very rare in mathematics books; it is used in Greek when a
sigma appears at the end of a word.)

The third column is the name of the letter, with the bold-faced letter being the English pseudo-
equivalents.'?

4.2 Further reading and other resources

There are many good books on mathematical problem solving with lots of problems. The UKMT
publishes a number of such books, and they are available from https://ukmt.org.uk/maths-books.

There are several areas in competition mathematics that go far beyond what is taught in the
England school curriculum. One of these is geometry, and the two UKMT books Crossing the
Bridge by G. Leversha and Plain Euclidean Geometry: Theory and Problems by A. D. Gardiner
and C. J. Bradley are both excellent for helping develop geometrical skills for competitions. In
addition to these, a geometry book that was very popular in the mid-20th century is A New
Geometry for Schools by C. V. Durell. Stage B of the book is particularly useful for competition
mathematics, covering many important theorems and constructions. This can be read online at
https://archive.org/details/angfs/.

Other areas of competition mathematics that are not covered in the typical school curriculum
include number theory, algebra (and inequalities), and combinatorics; do check out the UKMT
bookshop for excellent books on these areas as well.

1%While many pronounce ‘eta’ with the sound ‘ea’ as in ‘least’, classical scholars often use an ‘e’ sound as in
‘air’; the vowels in beta, zeta and theta are pronounced as in eta, and the ‘0’ in omega is as in ‘bold’. The letter y is
pronounced as ‘kai’ (with ‘ai’ pronounced as the word ‘eye’), ‘ksee’, ‘chai’ (as in the Scottish ‘Loch’ or German
‘ach’) or variants of these. In general, mathematicians pay little regard to the historical pronunciation of the letters.
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Finally, another good source of books, courses and online forums is Art of Problem Solving
(AoPS); this American company has helped many students over the years to do extremely well
in competitions, all the way to the International Mathematical Olympiad. Their website is
https://artofproblemsolving.com/. Please note that AoPS is not part of or affiliated to the UKMT
in any way, and the UKMT takes no responsibility for the content of their website or materials.
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