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Junior Mathematical Olympiad 2026 Markers’ report

Markers’ report
General comments
This year’s paper followed the same format as last year’s, hopefully now familiar to the students.
We only used italic instructions underneath one question, as it shouldn’t be necessary in any
question which has already asked for a proof. It shouldn’t be necessary for any question, of
course, as the front page should make it clear what is needed. Despite this, there are still a lot
of cases of students assuming the answer is true (Q5 mainly), failing to prove that the result
always holds (Q2 and Q6), or being insufficiently systematic (Q4).

The paper proved to be somewhat harder than last year, although the highly accessible Q5
shifted the gold and silver boundaries up a bit. Q6 was a real test of the top students, which the
setters can hopefully continue to provide in future years.

The 2026 Junior Mathematical Olympiad attracted 1342 entries. The scripts were marked
in London (with some remote markers) from the 20th to the 21st of June by a team of: (An
asterisk shows that the marker was a problem captain). Hugh Ainsley, Zack Bassman, Rebecca
Bazlov, Phill Beckett, Kathy Bentley, Tom Bowler*, Magdalena Burrows, Donald Chui, John
Cullen, Louisa Cullen, Georgios Dalakouras, Laura Daniels, Gareth Davies, Carl Dolby, Roman
Fresneda Quiroga, Thomas Frith*, Carol Gainlall, Chris Garton, Amit Goyal, Ben Handley,
Jon Hart, Kelsey Hewitt, Alexander Hurst*, Michael Illing, Danny Kodicek, Greta Leighton,
Alex Lishkov, Sam Maltby, Oliver Murray, Calvin Newn, Madhiya Parveen, David Phillips,
Ihor Pylaiev, Satish Raghavan, Christine Randall, Heerpal Sahota, Niccolo Salvatori, Amit
Shah, Harcharan Singh Sidhu, Alan Slomson, Geoff Smith, Marcus Smith, Amit Srivastiva,
Stephen Tate, Joanna Tumelty, Tommy Walker Mackay*, Paul Walter*, Emma Wheeler*, Rosie
Wiltshire.

The problems were authored by, respectively: Tommy Walker Mackay, Tommy Walker Mackay,
Tommy Walker Mackay, Ben Handley, Tommy Walker Mackay, and Ben Handley.

In addition to the written solutions in this report, video solutions can be found here.
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Mark distribution
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The mean score was 23.6 and the median score was 22.5.

The thresholds for medals, Distinction and Merit were as follows:

Gold Medal: 51+

Silver Medal: 42+

Bronze Medal: 35+

Distinction: 31+

Merit: 19+
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Concentrate firstly on one or two questions and then write out full solutions (not just brief
‘answers’), including mathematical reasons as to why your method is correct.
You will have done well if you hand in full solutions to two or more questions.
Do not hand in rough work.
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Question 1

In the following sum, the letters 𝑌 ,𝑈, 𝑀 and 𝑆 stand for single digits.
(a) Find one possibility for the values of 𝑌 ,𝑈, 𝑀 and 𝑆. Only the answer

is required.
(b) Prove that this is the only possible solution. A full explanation is

required.

𝑌 𝑈 𝑀 𝑆
+ 𝑌 𝑈 𝑀

2 0 2 6

Solution

In the following, the notation 𝐴𝐵𝐶 means the number whose digits are 𝐴, 𝐵, 𝐶 in order, so
𝐴𝐵𝐶 = 100𝐴 + 10𝐵 + 𝐶.

Notice that 𝑌𝑈𝑀 + 𝑌𝑈𝑀𝑆 = 11(𝑌𝑈𝑀) + 𝑆. 2026 ÷ 11 = 184 with remainder 2. This gives
us one clear solution: 𝑌𝑈𝑀 = 184 and 𝑆 = 2. There can’t be any other solutions because if the
value of 𝑌𝑈𝑀 changed even by 1, we would need to change the value of 𝑆 by 11 to keep the
equation valid, and 2 can neither increase nor decrease by 11 and remain a single digit.

Markers’ comments

The first question on the paper is intended to be accessible to all candidates and is split into
parts to facilitate progress for those unfamiliar with Olympiad papers. This year almost all
candidates made progress, with only 11 non-attempts out of over 1300 entries.

The first part of the question was marked as 4 marks for a correct answer and 0 marks otherwise.
The reason for no partial marks being awarded is that it was very easy to check if the answer
submitted was correct. Some candidates failed to do this and should remember that checking is
a vital step when problem solving in mathematics.

The most common scores were 10 and 6 marks respectively. It was pleasing to see almost 500
perfect solutions. There were typically two reasons for a mark of 6 being awarded.

The first was that candidates did not consider whether or not there was a carry from the units
column to the tens column. Instead, it was assumed that the sum of digits 𝑆 and 𝑀 was 6.

The second was a lack of justification of the uniqueness when solving the equation

11(𝑌𝑈𝑀) + 𝑆 = 2026

Many candidates divided 2026 by 11 and claimed that 𝑆 must be equal to the remainder
obtained. Unfortunately, the stated equation has many solutions in the integers. All that was
needed was a comment that any other solution would yield a value of 𝑆 that was not a single
digit. Successful candidates explained that the next possible value of 𝑆 would be 2+11=13,
which is too large and smaller values would be negative.

Another common source of lost marks was to assume that the digits were non-zero and distinct.
Whilst this is often the case with questions of this type, these conditions were not stated in the
particular question. After reflection, we hope candidates realise the importance of reading a
question more than once.
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Question 2

Prove that every number that can be written as the product of three consecutive positive
integers can also be written as the sum of three consecutive positive integers.

Solution

Let the three numbers in the product be 𝑚, 𝑚 + 1, and 𝑚 + 2. Consider the remainder when 𝑚
is divided by 3. If the remainder is 0, then 𝑚 is a multiple of 3. If the remainder is 1, then
𝑚 + 2 is a multiple of 3. If the remainder is 2, then 𝑚 + 1 is a multiple of 3. So in any case,
the product 𝑚(𝑚 + 1) (𝑚 + 2) is a multiple of 3. The product must also be at least 6, as the
smallest such product is for 𝑚 = 1 which gives the product 6.

Let 𝑛 =
𝑚(𝑚+1) (𝑚+2)

3 . 𝑛 is an integer because the product is a multiple of 3, and 𝑛 ≥ 2 as the
product is at least 6. This means that 𝑚(𝑚 + 1) (𝑚 + 2) = (𝑛 − 1) + 𝑛 + (𝑛 + 1), as required,
with 𝑛 − 1 > 0.

Markers’ comments

This question was attempted by almost all candidates, with many students scoring highly. The
crucial factor for success in this question, was being able to form a general argument rather
than just testing examples to find a pattern. While trying out numerical cases is often a very
useful starting point to see what’s happening, it’s important to then move on to prove this works
for all cases.

At this level, for this question, we did not require algebraic proofs so worded descriptions of
correct methods were allowed. However, candidates that did this often wrote a lot more than
they actually needed to while those who used algebra often had more concise solutions.

A crucial piece of justification in this question was proving that the product of three consecutive
numbers is always a multiple of 3. Some students either assumed this crucial fact or observed
it from examples but without explaining why it is true.

A small but important detail, that the majority of candidates forgot to verify, was that the result
held for all positive integers. The easiest way to confirm this was to check the smallest case,
1 × 2 × 3 = 6 = 1 + 2 + 3. This was especially important when candidates defined their sum of
three consecutive integers as (𝑛 − 1) + 𝑛 + (𝑛 + 1).

A subtle point that came up occasionally was the direction of logic in candidates’ solutions.
We are asked to show that any of the numbers that are products of three consecutive numbers
are also sums of three consecutive numbers. Therefore, it’s not enough to just state that the
products form multiples of 3 and the sums form multiples of 3. What if they were different
multiples of 3? In fact, the products only form some multiples of 3 while the sums form every
multiple of 3 and therefore, our conclusion follows.

Finally, it was curious to see a small number of candidates attempt to use advanced methods
such as modular arithmetic, algebraic division and even proof by induction in this question.
The mathematical equivalent of using a sledgehammer to crack a nut! In other words, don’t
waste time and energy using a very elaborate technique when a simple one will do, and will
often be more elegant.
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Question 3

Blackbeard and Brownbeard each have a pile of gold coins. One night, Blackbeard takes 3
gold coins from Brownbeard’s pile and adds them to his pile, and Brownbeard responds by
taking half of the coins in Blackbeard’s pile and adding them to his pile. The next night,
Brownbeard takes 3 coins from Blackbeard’s pile and adds them to his pile, and Blackbeard
responds by taking half of the coins in Brownbeard’s pile and adding them to his pile. Both
pirates now have the same number of gold coins as they had at the beginning.
Prove that the total number of gold coins is divisible by 3.

Solution

Suppose that Blackbeard starts with 𝐿 coins and Brownbeard starts with 𝑅 coins. We are using
the second letter of their names for the number of their coins at the outset, and the initial data is
written as a pair (𝐿, 𝑅) but the distribution of coins changes over time. Consider the sequence
of coin values after the successive operations:

(𝐿 + 3, 𝑅 − 3)(
𝐿 + 3

2
,
𝐿 + 2𝑅 − 3

2

)
(
𝐿 − 3

2
,
𝐿 + 2𝑅 + 3

2

)
(
𝐿 − 3

2
+ 𝐿 + 2𝑅 + 3

4
,
𝐿 + 2𝑅 + 3

4

)
Since both pirates end up with the same amount that they started with, we can use Brownbeard’s
quantity to deduce that 𝐿 + 2𝑅 + 3 = 4𝑅, or equivalently 𝐿 + 𝑅 = 3𝑅 − 3 = 3(𝑅 − 1) which is
a multiple of 3, so the total number of coins, 𝐿 + 𝑅, must be a multiple of 3.

Markers’ comments

This was a nice question, the aim of which was to challenge students’ familiarity with algebra.
Students needed to realise that the actions in the problem could be represented as an algebraic
expression. This allowed to form an equation which could then be manipulated to show that
the sum of coins has to be a multiple of 3.

Students often started with showing some specific examples of coins for Blackbeard and
Brownbeard. Such specialising is a sound first strategy for any problem and is encouraged.
Typically, it is not rewarded at Olympiad level but we made an exception for the Junior Olympiad
and awarded decent attempts 1 mark.

Many students successfully built up expressions reflecting each action of the problem. Putting
these in a table made such work clearer and easier to read, both for the student checking their
work and for the marker. Some candidates tried to do the manipulations mentally and this
often resulted in errors. Similarly, attempts to derive the expression on rough paper meant that
markers could not deduce the source of the mistakes. We usually suggest showing algebraic
manipulations when writing up solutions.
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The heart of the problem was to show how the resulting equation could be manipulated to
demonstrate that the two characters’ total coins added to a multiple of 3. Please see the solutions
for full details and for good notation. Finally, we wanted to see students link their result to the
statement they were asked to prove. Many students finished with an expression like 3𝑅 − 3 but
did not state that this guarantees divisibility by 3. In any proof it is advisable for the last line of
working to directly demonstrate how your final conclusion relates to the original conjecture.

In Olympiad questions the majority of marks are given for reaching the gist of the problem.
Here many candidates successfully built up their algebraic expressions, however they did not
manipulate the result to show how it became a multiple of 3 which was the gist of this problem.
Unfortunately this rarely scored above 3 marks if the end result did not relate to multiples of 3.

Those who did reach the desired outcome usually added 𝐿 = 2𝑅 − 3 to 𝑅 which gave
𝐿 + 𝑅 = 3𝑅 − 3. We also saw some quite impressive alternative strategies. Some students
considered casework to see what happens when 𝐿 is a multiple of 3, one more than a multiple
of 3 or two more than a multiple of 3. Others looked at remainders of expressions when divided
by 3, a method which rests on the ideas of modular arithmetic. This is a fascinating topic which
we would urge everyone to search up online. Other candidates explored how 𝐿 changes if 𝑅
increases by 1. They found a specific pair of 𝐿, 𝑅 that works and then said that adding 1 to 𝐿
would force 𝑅 to increase by 2 and so 𝐿 + 𝑅 to increase by 3. This method is called proof by
induction, a topic we also urge you to explore.

Some students misread the question and equated the number of coins for Blackbeard and
Brownbeard. Others did not correctly follow the instructions for the second night. We ask
candidates to read questions carefully. Another common mistake was to build up expressions
from the question instructions, equate these to 𝐿 and 𝑅 and then add these. The strategy did not
work on this occasion as simplifying the resulting expression ended up undoing the steps built
from the pirates’ actions. Some candidates misused the = sign which we remind candidates
must only be used to connect expressions that are equal and not as a separator in workings.

The question was marked by 12 markers who spent much time writing comments in the hope
they would help candidates improve as mathematicians in any future problems. We urge all
students to read the comments and reattempt the question if the comments spurred them to any
extra thoughts.
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Question 4

Suppose the vertices of a cube are labelled from 1 to 8. How many ways are there to
choose three of these labels so that the corresponding three vertices are not all on the same
face? As this is an Olympiad problem, you must demonstrate that all possible choices are
included in your count.

Solution

If not for the ‘not all on the same face’ restriction, there would be 8 ways to choose the first
vertex, 7 ways to choose the second, and 6 ways to choose the third. Each selection has been
counted 6 times, as the same 3 vertices can be selected in 6 different orders, so we must divide
by 6, giving 56 ways to choose the vertices.

Now we need to subtract the number of ways of choosing 3 vertices, all on the same face. There
are 4 ways to choose 3 vertices all on a given face, as we can exclude any one of the 4 vertices
on that face. Note that it is not possible for all 3 to be simultaneously all on one face, and also
all on a different face. So the total number of ways of choosing 3 vertices, all on the same face,
is 24.

The final answer is therefore 56 − 24 = 32.

Note that it is acceptable to cite binomial coefficients, and derive the value 56 as
(8
3
)

without
giving the explanation from the first paragraph above.

Alternative

Here is another method of solution. Instead of counting the possible configurations, we classify
them. The counting method is simpler, but this alternative approach is instructive.

First we consider the possibility that two of the three chosen points are antipodal, that is to
say, they are at opposite corners of the cube. One of these two points is on 3 of the cube’s 6
faces, and the other one is on the other 3 faces. You can therefore place the selected third point
at any of the remaining 6 corners, and the three selected points will not be on the same face.
Let us count configurations like this; there are 4 pairs of opposite corners, so the number of
configurations of this shape is 4 × 6 = 24.

Next we look for other possible configurations. They must have the two properties that (a)
there are not three points on a face and (b) there are no pairs of antipodal points. First look
for such a configuration where there are two selected points at the end of an edge. The two
points antipodal to these cannot not be selected by (b), so the third point must be at one of the
remaining four corners, but that will give rise to three points around a face. Therefore, in any
configuration where (a) and (b) are satisfied, there not two selected points at the ends of an
edge.

Consider the diagram below. The configurations we seek must consist of the three points at
black corners or three points at white corners. There are not three black corners or three white
corners around a face, so our three selected points can be either at any three black corners or
any three white corners. There are four black corners, and to select three we can just reject one,
so there are 4 ways of doing that. Equally well, there are 4 ways to select 3 white corners.

© 2026 UK Mathematics Trust www.ukmt.org.uk 9
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The final answer is then 24 + 4 + 4 = 32, which happily coincides with the answer for the first
solution. We had to work harder in the alternative solution, but we discovered more. Even if
there is no justice in this world, there is justice in mathematics.

A

D

F

H

Markers’ comments

Question 4 was widely attempted, and we were pleased to see so many candidates be so
inventive and mathematical in their approaches.

Quite a common (flawed) approach was to say that there are 8 ways to choose an initial vertex,
7 ways to choose the next vertex, and 6 ways to choose the final vertex, followed by reasoning
that there are 24 ways to choose three vertices all on the same face. This subtraction obtains an
answer of 312. An interested reader is encouraged to consider the flaw in this approach before
reading to the end of this report.

Some candidates did not include a diagram in their submission, and referred to a labelling
scheme known only to themselves. This is not recommended.

In order to do well on this question, it was essential for many approaches that a candidate
justified why they were complete. There were many candidates who stated that the only
configurations of three vertices were of a specific two or three types, and this unfortunately
failed to prove that any others could not be found.

There were two other approaches to this question that we felt deserved noting. One approach
classified pairs of points, showing that they shared either no faces, one face, or two faces, before
counting further from there. Candidates with this approach often found it difficult to make sure
that they weren’t counting the same triple of labels twice, but often produced elegant solutions.

Another approach that worked very well on occasion was to break (some of) the natural
symmetry in this question by identifying a ‘front face’ and a ‘back face’, and using the
Pigeonhole Principle to say that there must be two vertices on either the front or back face, and
one vertex on the other face. This often resulted in a much-shortened argument with far fewer
combinatorial concerns, and a pleased marker.

Something that occurred frequently in this question was candidates not recognising what they
were counting. Some candidates counted triples of labels depending upon their permutation and
so counting ‘1,2,3’ and ‘1,3,2’ as different. This is not what was asked for, as these is the same

© 2026 UK Mathematics Trust www.ukmt.org.uk 10
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group of three labels, only ordered differently. Only a small penalty was given to candidates
who consistently counted permutations instead of combinations, but it was noticeable that
plenty of candidates mixed them up, and therefore seemed to be unaware of what, precisely,
they happened to be counting at each step. This was penalised harshly.

Some of the markers for this question would also like it noted that there is no such thing as
one vertice. There is one vertex, and two (or more) vertices, though this did not affect the
mathematics involved at all. Something that did have the potential to affect the mathematics
was the use of ‘side’. When referring to a cube, it is clearer to refer to a face or to an edge, as
‘side’ was often used to refer to either of the two.

© 2026 UK Mathematics Trust www.ukmt.org.uk 11
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Question 5

𝐴𝐵𝐶𝐷𝐸𝐹 is a regular hexagon. The square 𝐴𝐵𝐺𝐻 lies inside 𝐴𝐵𝐶𝐷𝐸𝐹 and the vertex
𝐽 of the square 𝐸𝐼𝐹𝐽 lies inside 𝐴𝐵𝐶𝐷𝐸𝐹. Prove that 𝐻 lies on the line 𝐹𝐽.

𝐴 𝐵

𝐶

𝐷𝐸

𝐹

𝐺𝐻

𝐼

𝐽

Solution

Firstly, consider only the hexagon and square 𝐸𝐼𝐹𝐽, ignoring the other square. Since the
hexagon is regular, ∠𝐴𝐹𝐸 = 120◦. Since the segment 𝐹𝐸 is a diagonal of square 𝐸𝐼𝐹𝐽,
∠𝐸𝐹𝐽 = 45◦. Therefore ∠𝐴𝐹𝐽 = 75◦.

Next, consider the hexagon and square 𝐴𝐵𝐺𝐻, ignoring the small square. From the hexagon,
∠𝐹𝐴𝐵 = 120◦. From the square 𝐴𝐵𝐺𝐻, ∠𝐻𝐴𝐵 = 90◦. Therefore ∠𝐹𝐴𝐻 = 30◦. As the
hexagon shares a common side with square 𝐴𝐵𝐺𝐻, and both shapes are regular, all sides of
the hexagon are the same length as all sides of square 𝐴𝐵𝐺𝐻. In particular, 𝐴𝐹 = 𝐴𝐻, and
the triangle 𝐴𝐹𝐻 is therefore isosceles. This means that ∠𝐴𝐹𝐻 = ∠𝐴𝐻𝐹. Since angles in
triangle 𝐴𝐹𝐻 add to 180◦, we know that ∠𝐴𝐹𝐻 + ∠𝐴𝐻𝐹 = 150◦, therefore ∠𝐴𝐹𝐻 = 75◦.

Since ∠𝐴𝐹𝐻 = ∠𝐴𝐹𝐽, point 𝐻 lies on the line 𝐹𝐽.

Alternative

Another solution is available by thinking of the hexagon’s vertices as being the alternate vertices
of a regular 12-gon as shown in the diagram. It is convenient to draw the circumcircle too. We
have introduced labels for some of the additional points. The advantage of this embedding is
that it introduces a line 𝐸𝐾 into the diagram which turns out to be parallel both to 𝐹𝐻 and 𝐹𝐽.

© 2026 UK Mathematics Trust www.ukmt.org.uk 12
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It then follows that 𝐹𝐽 and 𝐹𝐻 are the same line (to over egg the pudding, by Euclid’s parallel
postulate). There are many ways to construct a proof. You might observe that ∠𝑂𝐸𝐹 and
∠𝐸𝐹𝐴 are supplementary by angle chasing, and as they are cointerior angles, 𝐹𝐴 and 𝐸𝑂 are
parallel. You could then deduce that triangles 𝐹𝐴𝐻 and 𝐸𝑂𝐾 are translates of each other, so
𝐸𝐾 is parallel to 𝐹𝐻.

To make progress, it is important to observe that the line 𝐸𝐽 passes through 𝐿. Note that ∠𝐿𝑂𝐹
is a right angle, so ∠𝐿𝐸𝐹 is 45◦ (angle at the centre is twice the angle at the circumference).
However, 𝐸𝐹 is a diagonal of the square 𝐽𝐸𝐼𝐹, so ∠𝐽𝐸𝐹 is also 45◦. Therefore 𝐽 lies on 𝐸𝐿.

Now 𝐹𝐽 is perpendicular to 𝐸𝐽 (= 𝐸𝐿) because of the square, and 𝐸𝐾 is also perpendicular to
𝐸𝐿 because 𝐾𝐿 is a diameter of the circle and the angle in a semicircle theorem applies.

Now 𝐹𝐽 and 𝐸𝐾 have a common perpendicular, and so they are parallel. Therefore 𝐻 lies on
𝐹𝐽.

There are other ways to proceed, for example by showing that 𝐻 and 𝐽 both lie on 𝐹𝑀, a
diagonal of the regular 12-gon. Indeed, that is probably the most professional approach.

Markers’ comments

This was a challenging geometry question, the main difficulty of which was not finding the
relevant angles, but using them without assuming the result that was to be proved. Students
needed to distinguish carefully between facts that followed from the regular hexagon or the
squares, and facts that would only be true once 𝐻 had been shown to lie on the line 𝐹𝐽. In
particular, care was needed with angles involving the rays 𝐹𝐻, 𝐹𝐽 and 𝐽𝐻.

Many students correctly found one of the important angles. Some used the isosceles triangle
𝐴𝐹𝐻 to show that ∠𝐴𝐹𝐻 = 75◦, while others used the square 𝐸𝐼𝐹𝐽 to show that ∠𝐴𝐹𝐽 = 75◦.
However, a common mistake was to treat these as the same angle simply because they appear
to be the same in the printed diagram. This is not justified: proving that these angles are equal
is exactly what shows that the rays 𝐹𝐻 and 𝐹𝐽 coincide.

A related issue was circular reasoning. For example, some solutions used the fact that
∠𝐸𝐽𝐻 = 90◦ in order to prove that 𝐻 lies on 𝐹𝐽. However, this angle is 90◦ only if 𝐽𝐻 is the
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same line as 𝐽𝐹, which is precisely what the problem asks students to prove. Some circular
arguments were more subtle, and avoiding this trap was one of the key obstacles in the question.

In geometry questions, we strongly encourage students to draw a diagram. This helps both
with the clarity of the written solution and with avoiding mistakes in notation and reasoning.
There were many scripts without a diagram; although some of these contained full, or nearly
full, solutions, it is likely that other students would have spotted their errors had they drawn a
diagram alongside their work. In a problem like this, it is particularly helpful to draw a diagram
which is deliberately not to scale, so that the statement to be proved is not visually assumed. In
this case, that would mean drawing 𝐻 not obviously lying on 𝐹𝐽. Very few students did this.

One frequent approach was to use the square 𝐸𝐼𝐹𝐽 to prove that ∠𝐸𝐹𝐽 = 45◦, and hence that
∠𝐽𝐹𝐴 = 75◦, and then to combine this with ∠𝐻𝐴𝐹 = 30◦ to ‘show’ that 𝐴𝐹 = 𝐴𝐻. This
identifies several of the key ingredients of the problem. However, if the solution then uses the
angle sum in triangle 𝐹𝐴𝐻 as though 𝐹𝐻 were already the same line as 𝐹𝐽, the argument is
circular. Such solutions could receive only partial credit, usually at most 3 marks.

This approach can be made rigorous by introducing an extra point. Let 𝑋 be the point at which
the line 𝐴𝐻 meets the line 𝐹𝐽. Using the angle sum in triangle 𝐴𝐹𝑋 , one can prove that
triangle 𝐴𝐹𝑋 is isosceles, so that 𝐴𝑋 = 𝐴𝐹. Since 𝐴𝐻 = 𝐴𝐹, it follows that 𝐴𝑋 = 𝐴𝐻. As
𝑋 and 𝐻 lie on the same ray from 𝐴, this gives 𝑋 = 𝐻, and hence 𝐻 lies on 𝐹𝐽. Only a small
number of scripts carried out this argument successfully.

A small number of students used coordinate geometry or trigonometry. These methods can
lead to a correct proof, but they usually require rather long calculations. Only a few scripts
implemented these approaches accurately.
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Question 6

A stone is placed in the central square of a 3 × 3 grid. Each second, it moves one space
vertically or horizontally to an adjacent square. After 2𝑛 seconds it is back to the centre.
It is allowed to revisit cells that have been previously visited. Rotations and reflections
of paths are considered different. In terms of 𝑛, how many possible paths could it have
followed? For example, after 2 seconds there are 4 such paths.

Solution

Label the board with a standard checkerboard black/white colouring, with white on the corners
and the centre, and black on the mid-edges. After every move, the stone flips the colour of
square it’s on, from white to black and then back to white. So after an odd number of seconds
it’s on one of the black squares, and after an even number of seconds it’s on a white square. We
will divide up the sequence of steps by considering the first step to a black, then 𝑛 − 1 two-step
moves taking the stone from black, via white, back to black, followed by a final move to the
centre. There are 4 choices for the first move (from the starting position to a black square) and
only 1 choice for the final move (as all black spaces are next to the centre).

Now consider the two-step moves from a given black square, via a white square, and back to
any black. Since the board is rotationally symmetric, the number of such paths is the same for
all starting black squares. There are 3 choices for the first move: two lead to a corner and one
leads to the centre. For the second move, the number of choices depends on the first move. If
we moved to a corner, there are two ways to return to black. If we moved to the centre, there
are 4 moves. So in total, there are 2 × 2 + 1 × 4 = 8 ways to move from black, via white, back
to black.

Each of the 𝑛 − 1 two-steps from black to black is independent of each other, so there are 8𝑛−1

ways of moving from the first black to the last black. Combined with the 4 choices for the first
move, we get a total of 4 × 8𝑛−1 = 23𝑛−1 possible routes.

Note that the final simplification is not necessary to score full marks.

Alternative

Here is a more technical solution. Let 𝑚𝑛 be the number of paths of 𝑛 steps which end on the
middle square. Let 𝑒𝑛 be the number of paths of 𝑛 steps which end on a particular middle of an
edge square. Let 𝑐𝑛 be the number of paths of 𝑛 steps which end on a particular corner square.
Thus 𝑚0 = 1, 𝑒0 = 0 and 𝑐0 = 0.

Now for 𝑛 > 0 we have

𝑚𝑛 = 4𝑒𝑛−1

𝑒𝑛 = 𝑚𝑛−1 + 2𝑐𝑛−1

𝑐𝑛 = 2𝑒𝑛−1

Therefore 𝑚1 = 0, 𝑒1 = 1 and 𝑐1 = 0. Next assume that 𝑛 ≥ 2. Now

𝑒𝑛 = 4𝑒𝑛−2 + 4𝑒𝑛−2 = 8𝑒𝑛−2
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and so 𝑒1 = 1, 𝑒3 = 8, 𝑒5 = 82, 𝑒7 = 83 and in general 𝑒2𝑘+1 = 8𝑘 for all 𝑘 ≥ 0 because you
multiply by 8 at each step. Now for 𝑛 ≥ 1 we have

𝑚2𝑛 = 4𝑒2𝑛−1 = 4𝑒2(𝑛−1)+1 = 4 × 8𝑛−1.

You have to be a little careful because the formula does not work when 𝑛 = 0. We know that
𝑚0 = 1 but putting 𝑛 = 0 into the formula 4 × 8𝑛−1 gives 1

2 which is not the correct value of 𝑚0.
You often have to be careful with ‘edge cases’. In this particular problem, the three original
equations are not valid when 𝑛 = 0.

Markers’ comments

This was by far the hardest question on this year’s JMO paper, and while most candidates made
some attempt at it, the vast majority scored 0, with only about 3% of candidates submitting a
successful proof. We were pleased to see many candidates attempting the problem first for
small values of 𝑛 and trying to spot a pattern. However, many candidates were unsuccessful in
calculating the correct number of paths in small cases such as 𝑛 = 2 and 𝑛 = 3, resulting in the
observation of an incorrect pattern. The most common causes of these incorrect numbers were
failing to use a systematic method to count the paths and misconceptions about the rules that
the stone has to follow. In particular, many candidates attempted to classify the possible paths
into different cases for the case 𝑛 = 2 depending on the shape of the path (a square, an L-shape
that then doubles back on itself, etc.) but missed one or more possibilities for the shape of the
path. Some candidates mistakenly believed that the stone was not allowed to visit the centre
square until 2𝑛 seconds had passed, ending up with 16 paths in the case 𝑛 = 2 rather than the
correct answer of 32 paths.

After discovering a pattern, it was necessary to prove that the pattern continues for all values
of 𝑛 ≥ 1. While many candidates who got the number of paths correct observed that adding
two extra moves seems to increase the number of possible paths by a factor of 8, constructing
a proof of this fact was found more challenging. This is because the ‘obvious’ thing to do
(considering the number of possible paths of length 2𝑛 − 2 and then taking the last two moves
into account) does not work without some modification, since the stone is required to be in the
centre at time 2𝑛 but is in principle allowed to be anywhere at time 2𝑛 − 2. Some candidates,
following the strategy of the official solution, were able to show that if the stone is on a black
cell then there are 8 ways for it to reach another black cell in the next 2 moves, but not all of
them were able to fit this correctly into the context of the problem where the stone starts and
ends on a white cell. This often made the difference between a proof and a non-proof, resulting
in a significant difference in marks between candidates who were able and those who were not
able to explain this subtle step.
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